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Abstract
Chronic wounds substantially reduce the quality of life for millions of people worldwide. As a result, researchers have
developed various treatments and therapies to reduce the time for a wound to heal. Mathematical models that help
better understand and predict the wound healing process have also been developed. This paper presents and validates
a mathematical model known as the vibration enhanced wound healing model (VEWH) that includes the effects of
vibration treatment in the wound healing process. The model is based on existing models of cutaneous wound healing
but includes the effects of vibration on blood flow, macrophages, chemoattractant, and fibroblasts. These parameters were
derived from published data on vibration accelerated wound healing of healthy mice. The VEWH model is confirmed with
published experimental animal data that show vibration can reduce the wound healing time by 8%. The model reveals that
vibration primarily affects healing through the mechanotransduction of vibration by fibroblasts into greater production
of extracellular matrix. Model simulations agree with the validation data, with optimal healing predicted to occur with
frequencies between 5 Hz and 25 Hz.
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Introduction
When wounding occurs, the body immediately initiates a three-phase wound healing process. These three phases are: inflammation,
proliferation, and remodeling [1]. Biological components that affect these phases of healing include: cells such as macrophages, fibroblasts, and endothelial cells, chemicals such as vascular endothelial growth factor (VEGF) and transforming growth factor beta
(TGF-ß), and finally, surrounding tissues such as the extracellular matrix (ECM) [2], which initiates biomechanical and biochemical
cues for tissue morphogenesis [3]. The relationships between these components are very complex but the fundamental physiology is
understood well enough to create mathematical representations [2].
A significant amount of progress has been made in mathematically modeling of the wound healing process [1, 4-6]. Various models
have represented normal wound healing as well as delayed healing from ischemic conditions and diabetes [1, 7]. However, to date,
there has only been one model that represents the healing process with a specific treatment modality [1]. The advantage of modeling
and validating healing under treatment is to reveal the mechanisms by which the treatment is being effective. This could lead to more
effective care via optimal treatment strategies.
This work is the first to develop a wound healing model with a mechanical treatment, specifically vibration therapy, and is referred
to as the vibration enhanced wound healing (VEWH) model. Vibration literature has expanded rapidly over the past 20 years, and
vibration therapy has been used for muscle recovery [8,9], increasing blood flow [10-16], and maintaining muscle activation levels
[17]. However, there are relatively few studies analyzing vibration induced wound healing [18-21]. The VEWH model put forth in
this work is an effort to represent and better understand how vibration promotes wound closure. Based on current data, the VEWH
model can also be used to predict optimal duration and frequency of treatment, and complete time to wound closure.

Modeling Normal Wound Healing
Schugart et al. [1] developed a seven parameter, healthy wound healing model with an input of hyperbaric oxygen treatment. This
model revealed the effect of tissue oxygen on the wound healing process and specifically angiogenesis. The seven variables of this
model are capillary tips (n) and sprouts (b), oxygen (w), inflammatory cells or macrophages (m), chemoattractants (a), fibroblasts
(f), and extracellular matrix (ρ). The seven, non-dimensionalized, partial differential equations are given below, and all parameter
values are included in Table 1.
		
∂n/∂t = ∇•(Dn ∇n - ρ n H(1-n) xn ∇a) + (a b λ1 + a n λ2) H(1-n) - (b λ3 + n λ4) n 			(1)
∂b/∂t = ∇•(Db ∇b + A b Dn ∇n - A b ρ n H(1-n) xn ∇a) + b (1-b) λ5 Gb(w)				(2)

∂w/∂t = ∇•(Dw ∇w) + w b λ6 - (f λ7 + m λ8) w							(3)

∂m/∂t = ∇•(Dm ∇m + m H(1-m) xm ∇w) - m λ9						(4)

∂a/∂t = ∇•(Da ∇a) + m λ10 Ga(w) - (n λ11 + b λ12 + λ13) a					(5)
∂f/∂t = ∇•(Df ∇f - f H(1-f) xf∇a) + f (1-f) λ14 Gf(w) - f λ15					

∂ρ/∂t = ∇•;Dρ ∇ρ + B ρ Df ∇f - B ρ f H(1-f) xf ∇a= + f (1-ρ) λ16					
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Parameter/Function

Value

Physical Definition

Dn

1x10-3

Tips diffusion coefficient

Db

7x10-4

Sprouts diffusion coefficient

Dw

0.5

Oxygen diffusion coefficient

Dm

0.05

Macrophage diffusion coefficient

Da

1

Chemoattractant diffusion coefficient

Df

1.7x10-4

Fibroblast diffusion coefficient

Dρ

1x10

ECM diffusion coefficient

xn

1

Tips chemotactic coefficient

xm

0.1

Macrophage chemotactic coefficient

xf

0.1

Fibroblast chemotactic coefficient

A

1

Capillary tip velocity coefficient

B

1

ECM velocity coefficient

λ1

0.216

Growth of tips due to sprouts

λ2

0.0216

Growth of tips due to tips

λ3

0.0225

Death of tips due to sprouts

λ4

0.225

Death of tips due to tips

λ5

0.225

Growth of sprouts

λ6

0.1388

Increase of oxygen due to sprouts

λ7

0.277

Uptake of oxygen from fibroblasts

λ8

4.16

Uptake of oxygen from macrophages

λ9

0.045

Death rate of macrophages

λ10

50

Increase of chemoattractant from macrophages

λ11

9

Uptake of chemoattractant by tips

λ12

90

Uptake of chemoattractant by sprouts

λ13

0.9

Uptake of chemoattractant

λ14

0.25

Growth of fibroblasts

λ15

5.2x10-3

Death of fibroblasts

λ16

0.25

Growth of ECM from fibroblasts

∇

NA

Spatial gradient

H(x)

0 for x < 0
1 for x >= 0

Heaviside step function

Gb(w)

0 for 0 <= w < 0.5
2w-1 for w >= 0.5

Tissue oxygen tension function

Ga(w)

3w for 0 <= w < 0.5
2-w for 0.5 <= w < 1
w for w >= 1

Tissue oxygen tension function

Gf(w)

Gb(w)

Tissue oxygen tension function

G(w)

G>0

Hyperbaric oxygen intervention

-5

Table 1: Parameter values and their physical meaning for Schugart Model
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Figure 1 shows the body’s complex, non-linear response to healing. When a wound occurs, inflammatory cells (ie. Macrophages)
immediately infiltrate the wound to remove bacteria and dead tissue. While removing dead tissue, macrophages are guided by
mechanical stimuli and begin depositing chemoattractants such as VEGF and TGF-ß (Fig. 1a). These chemoattractants recruit
capillary tips and sprouts to grow into the wound, as well as fibroblasts (Fig. 1b). The capillary tips and sprouts are guided by
chemoattractant and ECM (Fig. 1c) while providing much needed oxygen, via blood flow, to the macrophages and fibroblast cell
populations so they can continue to perform their respective functions (Fig. 1c). The fibroblasts are guided by chemoattractant and
mechanical stimuli to deposit ECM, to quickly close the wound and reduce the likelihood of infection (Fig. 1b). This ECM is the
precursor to scar tissue and it also helps direct the capillary growth in the wound.

Figure 1: Normal wound healing process based on the proposed model by Schugart et al

Parameter values for the Schugart model were selected from applicable experimental data. In the case where experimental data was
non-existent, Schugart et al. chose values “such that healing of the mouse wound should be completed in ~10 days” [1]. Furthermore,
they defined healing as re-epithelialization of the wound being completed. The parameters with values selected to meet the 10-day
criterion are: λ10, λ14, and λ16. These parameters represent the growth rate of chemoattractant proportional to macrophages, the

growth rate of fibroblasts proportional to oxygen, and the growth of ECM proportional to fibroblasts, respectively.

The VEWH Model
The Schugart model was adjusted to represent un-aided, healthy, wound healing in the VEWH model. This was done by replacing the
hyperbaric oxygen input (G(w)) with the oxygen concentration (w), increasing λ10 from 50 to 70, decreasing λ14 from 0.25 to 0.1, and
increasing λ16 from 0.25 to 0.75, so the ECM concentration of un-aided healing represents wound closure of mice wounds reported
in the experimental data [19, 22]. The vibration terms that are included in the VEWH are derived from published experimental data
as detailed in the following sections.

Vibration Effected Parameters
There are five vibration effected parameters in the VEWH model. These are capillary tips and sprouts, macrophages and
chemoattractants, and fibroblasts. Figure 2 shows how vibration impacts these healing components. Vibration increases blood flow in
capillaries which results in greater capillary tip and sprout growth [18-20]. Macrophage and fibroblast cells convert mechanical signals
into cellular proliferation and activation. This leads to greater growth of those cells as well as an increase in both chemoattractant
production by macrophages and ECM production by fibroblasts [23-25].
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Figure 2: Vibration impact on capillary tips and sprouts, macrophages, fibroblasts, and chemoattractant

Vibration Impacts Capillaries Through Blood Flow
Efforts have been made to measure the effect of vibration on angiogenesis [18-20], yet the mechanism through which this occurs is
still unclear. It has been shown that whole body vibration increases blood flow [12-16] and there appears to be a relationship between
frequency and the blood velocity increase [16]. It is our hypothesis that vibration increases wound angiogenesis by increasing blood
flow to the wound site. We have modeled this increase by including Eq. (15) in Eqs. (8, 9) to represent the percent increase in blood
) times the capillary tip and sprout concentrations. This assumes a linear relationship between blood velocity and
velocity (
capillary growth, as well as assuming that capillary tips and sprouts are equally impacted by increased blood velocity.
Equation (15) was derived from experimental data on vibration and blood flow [12-15]. These studies measured the percent increase
in blood velocity after whole body vibration treatment. The location of blood velocity measurement was either the popliteal or the
femoral artery, leading to consistency in the reported results. Equation (15) fits the data with a correlation coefficient R2 = 0.999 and
this equation shows that blood flow peaks with a vibration frequency of 30 Hz. This is consistent with the consensus that blood flow
is excited more with lower frequency vibration compared to higher frequencies [11].

Vibration Impacts Macrophages and Fibroblasts Through Mechano transduction
Macrophages and fibroblasts are mechano transducing cells that alter activation and proliferation due to mechanical stimuli. The
way mechanical signals are transmitted to these cells is via actin filaments that connect to the ECM [25, 26]. This means that as
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the ECM grows, more adhesion sites are generated, and macrophage and fibroblast cells can sense more vibration. Therefore, Eqs.
(11, 13) have an additional term Vmac*m*(1+ρ) and Vfib*f*(1+ρ) respectively. Vmac and Vfib represent the increase in macrophage or

fibroblast concentration due to vibration as a function of frequency, and (1+ρ) represents the percent increase of ECM from the
wounded state [23, 24]. The increase in macrophage concentration also has a significant impact on chemoattractant production [23].
This is represented in Eq. (12) as Vatt*m*λ10*Ga(w) to model the increase of chemoattractant concentration being proportional to the
increase of macrophage density.
Equation (16) was derived from data reported by Pongkitwitoon et al. [23] where collected macrophage cells were vibrated in vitro at
different frequencies to measure the frequency impact on cell proliferation [23]. Equation (16) shows that the number of macrophage
cells parabolically increases with frequency and the correlation coefficient for this data fit is R2 = 1.00.
Interestingly, Pongkitwitoon et al. also measured how vibration influenced the production of VEGF and TGF-ß which are represented
in the VEWH model as a single chemoattractant term. They reported that VEGF significantly increased with vibration frequency but
TGF-ß was impacted much less [23]. To model the VEGF, we derived the effect of frequency on chemoattractant from the VEGF data
reported by Pongkitwitoon et al. This resulted in Eq. (17) with a correlation coefficient R2 = 1.00.
Finally, Eq. (18) was derived from Jiang et al. and their experimental work on the anterior cruciate ligament (ACL) fibroblasts invitro. As represented in Eq. (18) the number of fibroblast cells increases with an increase in vibration frequency until 12 Hz after
which it decreases with increasing frequency [24]. One concern from this study is that it may not be an accurate representation of
a wound scenario. The initial number of fibroblasts was 5.0x104 and the control case saw that number triple to 15.0x104 cells after 4
days [24]. Furthermore, when the control data was included at 0 Hz vibration the VEWH model did not converge to the adjusted
Schugart model of non-vibration enhanced, normal healing. Therefore, the VEWH model neglects the control case presented by
Jiang et al. [24] and Eq. (18) has an initial value of -0.7143. After incorporating this new control value, the correlation coefficient
for the remaining data fit is R2 = 1.00. The Jiang et al. study is the only one that examined vibration impact on fibroblast cells. There
may be a difference in the response of cutaneous fibroblasts compared to ACL fibroblasts, but the VEWH model assumes a similar
response between the cells in either tissue.

Indirect Vibration Terms
Vibration has not been shown to directly affect oxygen concentration nor extracellular matrix. Therefore, Eqs. (10, 14) remain
equivalent to Eqs. (3, 7). However, Eq. (10) is coupled with Eq. (9) as the oxygen concentration increases proportionally to the
capillary sprout concentration. Similarly, Eq. (14) is coupled with Eq. (13) due to the proportional increase of ECM to fibroblast
concentration. This reveals that vibration does not directly impact oxygen nor ECM concentrations, but they are affected indirectly
by capillary sprouts and fibroblasts respectively.

VEWH Model Equations
Equations 1, 2, and 4-6 were given vibration terms that are frequency (h) dependent based on the respective evidence for capillary
tips and sprouts, macrophages, chemoattractant, and fibroblasts. These adjusted equations are given below as Eqs. (8-14), and the
functions for the vibration parameters are given as Eqs. (15-18) with vibration parameter values in Table 2.
∂n/∂t = ∇•(Dn ∇n - ρ n H(1-n) xn ∇a)+(a b λ1 + a n λ2)H(1-n) - (b λ3 + n λ4)n + n Vcap		
∂b/∂t = ∇•(Db ∇b + A b Dn ∇n - A b ρ n H(1-n) xn ∇a) + b (1-b) λ5 Gb(w) + b Vcap			

(8)
(9)

∂w/∂t = ∇•(Dw ∇w) + w b λ6 - (f λ7 + m λ8) w							(10)
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∂m/∂t = ∇•(Dm ∇m + m H(1-m) xm ∇w) - m λ9 + m (1+ρ) Vmac						(11)

∂a/∂t=∇•(Da ∇a) + m λ10 Ga(w) - (n λ11+ b λ12 + λ13) a + m Vatt λ10 Ga(w)				(12)

∂f/∂t=∇•(Df ∇f - f H(1-f) xf ∇a) + f (1 - f) λ14 Gf(w) - f λ15 + f (1+ρ) Vfib					(13)
∂ρ/∂t = ∇•(Dρ ∇ρ + B ρ Df ∇f - B ρ f H(1-f) xf ∇a) + f (1-ρ) λ16 						(14)

Vcap = ν8h3 + ν9h2 + ν3h + ν4									(16)

Vmac = ν5h2 + ν6h											(17)
Vatt = ν7h2 + ν8h											(18)
Vfib = ν9 + ν10Ah4 + ν11h3 + ν12h2 + ν13h								(19)
Parameter

Value

ν1

-5.449x10-7

ν1

1.559x10-5

ν2

-1.897 x10-3

ν3

0.07201

ν4

-2.046x10-14

ν5

7.618x10-5

ν6

6.383x10-3

ν7

-1.286x10-4

ν8

0.02886

ν9

-0.7143

ν10

8.972x10-7

ν11

-5.140x10-5

ν12

6.037x10-4

ν13

-3.984x10-3

Table 2: Vibration parameter values for VEWH model

Results
This section presents the results of the VEWH model and compares them to a non-vibration based (normal) wound healing model,
and both vibration enhanced, and non-vibration enhanced (normal) experimental wound healing data. The oxygen concentration
adjusted Schugart et al. [1] model is used as the non-vibration based model. The only published vibration enhanced healing data for
healthy mice are presented by Yu et al. [19]. Wounds in this study initially expanded after one day, so wound closure was calculated
from the largest reported size and set as day 0 [19].
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The VEWH model prediction, the oxygen adjusted Schugart model, and the Yu et al. experimental normal and vibration enhanced
wound healing data are shown in Fig. 3. The vibration treatment for the data shown in Fig. 3 consisted of 20 minutes of vibration at
35 Hz for 5 days per week, which was replicated in the VEWH model simulations.

Figure 3: Predicted and measured wound closure rates for normal and vibration healing

The VEWH model prediction starts to diverge from the non-vibration based Schugart model at about day 2.5. There is an increased
healing rate in the vibration enhanced results between about days 3-5. Then the healing rate is relatively constant between the VEWH
and normal models. The VEWH model predicts complete wound closure 2.5 days before the normal model. The relatively large
standard deviation bars indicate the high level of uncertainty in the experimental data. Table 3 shows the standard deviations of the
experimental data as well as the percent error of the non-vibration enhanced (normal) and the VEWH simulations compared with
the average wound closure reported by Yu et al [19]. As noted, the experimentally measured data have a high degree of uncertainty,
which leads to greater percent error in the model simulations. The VEWH simulation with vibration treatment at 35 Hz for 20 min/
day, predicts that wounds of healthy mice close 13.0% faster compared to normal healing. It is noted that there is significantly less
error in the model and experimental data as the wound closes.
Experimental Data
% Closed (± std)

Model Prediction
% Closed (% error)

Day

Normal

VEWH

Normal

VEWH

3

34 ( 36)

34 (± 31)

39 (-17)

41 (-21)

7

68 (± 23)

76 (± 31)

62 (9)

66 (12)

12

84( 43)

89 (± 10)

83 (1)

89 (-1)

Table 3: Experimental data and model prediction for normal and vibration healing

If we adjust the vibration treatment by varying the frequency, we can see that lower frequencies (<25 Hz) have the greatest impact
on closure rate as shown in Fig. 4. From this plot we also see that normal healing takes 18.9 days to heal, while vibration treatment at
15 Hz closes the wound 16.0% faster (15.9 days) and vibration treatment at 5 Hz closes the wound 10.0% faster (17.0 days). It is also
evident that frequencies greater than 45 Hz become destructive, as the closure rate at 45 Hz nearly matches normal wound healing.
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Figure 4: Effect of varying vibration frequency on wound closure rate

Figure 5 shows the effect of varying the amount of time of vibration treatment. Here we see that increasing treatment time increases
healing rate more than a change in vibration frequency.

Figure 5: Effect of varying treatment time on wound closure rate

Table 4 shows the number of days it takes for a wound to close and the percent decrease in closure time, for several frequencies. From
this table we see that 5 Hz and 25 Hz have the same closure rate. This suggests that the optimal treatment frequency is between 5
Hz and 25 Hz. Table 5 shows the closure predictions for varying treatment times. The frequency 35 Hz is used for varying treatment
times because that was the frequency used by Yu et al. Similarly, for varying frequencies, 20 minutes is used as the treatment time [19].
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Frequency (Hz)

Time (min)

Days to Closure

% Decrease of time to Closure

0

0

18.9

NA

5

20

17.0

10.0

10

20

15.9

16.0

15

20

15.9

16.0

25

20

17.0

10.0

35

20

16.4

13.0

45

20

19.0

-0.7

Table 4: Days to closure and percent decrease of closure time compared to baseline for various frequencies

Frequency (Hz)

Time (min)

Days to Closure

% Decrease of time to Closure

0

0

18.9

NA

35

10

17.8

5.7

35

20

16.4

13.0

35

30

15.7

17.0

35

40

13.1

30.7

Table 5: Days to closure and percent decrease of closure time compared to baseline for various treatment times

Discussion
One of the goals of the VEWH model was to investigate the mechanism through which vibration accelerates wound closure. This was
done by systematically removing vibration terms for capillary tips and sprouts, fibroblasts, macrophages, and/or chemoattractant.
Simulations were run with a single vibration parameter included and then successively adding terms back in. Initially, Eqs. (16-18)
were removed to determine wound closure’s dependence on blood flow. This showed a very small increase in healing. This was somewhat surprising that healing isn’t more dependent on blood flow which was our hypothesis. Next, Eq. (15) was removed, and Eq.
(16) was added back to the model to find the dependence of healing on macrophages. This revealed that macrophages have a small
negative effect on healing. This may be due to macrophage’s consumption of oxygen which reduces the amount of oxygen available
to fibroblasts. Thus, hindering fibroblasts’ ability to deposit ECM. Then, Eq. (16) was removed and Eq. (17) was added back to the
model, to find the dependence on chemoattractant. This simulation showed no impact on healing. This may be because chemoattractants recruit both macrophages and fibroblasts resulting in a neutral impact on healing. Finally, Eq. (17) was removed and Eq.
(18) was added to the model. This revealed that fibroblasts play the largest role in wound closure, likely because these cells deposit
the proteins that make up the ECM. From this, we can conclude that the effect of vibration on fibroblasts is the primary mechanism
through which vibration accelerates wound closure.
The experimental data for healthy mice, clearly show an increase in wound closure rate due to vibration therapy [19]. There is even
greater evidence for vibration accelerated wound closure in diabetic mice [18-21]. Diabetes is known to delay normal wound healing
and was not considered in creating this VEWH model. As such, one of the limitations of the VEWH model is the lack of validation
data for vibration accelerated healthy wound healing and the uncertainty associated with the published data. Despite this need for
more experimental validation, the VEWH model is a first step in modeling mechanically aided cutaneous wound healing in the form
of vibration.
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Another limitation of the VEWH model is the frequency range explored by the experimental data. Only three frequencies (35 Hz,
45 Hz, and 90 Hz) were used in the four studies that investigated vibration therapy on wound healing [18-21]. Furthermore, studies
that found a relationship between vibration and healing components typically used only one or two frequencies, usually between
10 Hz and 50 Hz [12-15, 23, 24]. This means that the VEWH model should only be considered for frequencies from 10 Hz to 55
Hz, any extrapolation beyond this range will have very low confidence. It has also been found that the relationship between blood
flow and vibration is dependent on the type of vibration, not just the frequency. Studies show that oscillating platforms result in low
frequencies impacting blood velocity while vertical vibration platforms are more inconclusive [11, 16].
Despite these limitations, the VEWH model can be used to draw significant conclusions regarding vibration and wound healing. We
can predict that frequencies between 5 Hz and 25 Hz have the largest benefit to wound closure rate in healthy subjects. In addition,
we hypothesize that this very complex system is primarily impacted through the fibroblast cell population. With more targeted
experimentation, the VEWH model will serve as a steppingstone to more accurate predictive models and optimization for the
mechanical treatment of wound healing.

Conclusion
This first model of mechanically stimulated wound healing is supported by existing experimental data. Despite the need for further
experimental validation, it does show that the rate of wound healing can be increased with vibration treatment (ie. 15 Hz for 40
minutes). This has important implications for populations that experience chronic wounds or those who suffer from delayed wound
healing. The VEWH model shows that vibration treatments with 15 Hz for 40 minutes/day can lead to accelerated healing which may
be a safer or more cost-effective treatment than pharmaceutical or surgical measures. Finally, the VEWH model identifies the ability
of the fibroblasts to transduce mechanical vibrations into greater ECM production as the primary mechanism by which vibration
increases wound closure rates.
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