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Abstract

In this paper, the discussion will be on the physical quantities of generalized thermoelastic medium with double porosity under Lord
and Shulman theory. The effect of rotation and gravity has been established. The half-space is considered of an isotropic homogeneous
thermoelastic material. The numerical results are discussed graphically with comparisons in the presence and absence of the rotation
field by taking the solution method in the form of the exponential function.
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Introduction

The generalized theory of thermoelasticity is proposed by Lord-Shulman (1967) and is known as (L-S) theory which involves one
relaxation time for a thermoelastic process [1]. The basis of the model proposed by Lord and Shulman was to modify Fourier’s
law of the heat conduction equation by introducing a new physical concept which called a relaxation time needed for acceleration
of the heat flow. The heat equation of this theory of the wave type, it automatically ensures finite speeds of propagation of heat
and elastic waves. The remaining governing equations for this theory, namely, the equations of motions and constitutive relations,
remain the same as,

o, =Ae, o, +2ue, — po,T

rr lj

ZJ]+(2,+y)u —-BT;+F =pii.

Thus, the heat conduction equation, for isotropic homogeneous body, based on (L-S) theory is given by:

KT, =40 D) pCp =+ T ).

Where 7|y is the relaxation time, the time lag needed to establish steady state heat conduction in a volume element when a

temperature gradient is suddenly imposed on the element, satisfying the condition 7 > 0-

The equation of motion and heat equation with double porosity functions:

o, =Ae,0, +2ue, +bo,®+do; ¥ — po, T

rr lj

Hu; i +(Z+‘u)uj,ij +bd>,,.+d‘PJ—,BT’i +Fi = pii;.

K'VT =(l+7, %)(pC*T +pTée+yT,@+y,T,P).
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Propagation of the photothermal waves in a semiconducting medium under L-S theory by Othman et al. [2]. Othman et al.
discussed the effect of the gravity on the photothermal waves in a semiconducting medium with an internal heat source and
one relaxation time [3]. In the past some researchers have investigated different problems of rotating media. The propagation
of plane harmonic waves in a rotating elastic medium without a thermal field has been studied [4]. It was shown there that the
rotation causes the elastic medium to be depressive and anisotropic. An investigation of the distribution of deformation, stresses
and magnetic field in a uniformly rotating, homogeneous, isotropic, thermally and electrically conducting elastic half-space was
presented [5]. The effect of rotation on elastic waves has been studied [6,7]. The effect of rotation in a magneto-thermoelastic
medium was discussed [8].

The origin of the linear theory of elastic materials with double porosity goes back to papers of Barenblatt et al. [9,10]. The theory
of flow and deformation in double porous media was used by Khalili and Valliappan [11]. Masters Pao, and Lewis studied coupling
temperature to a double porosity model of deformable porous media [12]. Khalili and Selvadurai studied the fully coupled
constitutive model for thermo-hydro-mechanical analysis in elastic media with double porosity [13]. Zhao and Chen introduced
the fully coupled dual-porosity model for anisotropic formations [14]. The dynamical problems of the theory of elasticity for solids
with double porosity were studied by Svanadze [15]. Ainouz investigated the homogenized double porosity models for poro-
elastic media with interfacial flow Barrier [16]. Plane waves and boundary value problems in the theory of elasticity for solids
with double porosity were studied by Svanadze [17]. Straughan studied the stability and uniqueness in double porosity elasticity.
Mahmood et al. investigated the combined higher order finite volume and finite element scheme for double porosity and non-
linear adsorption of transport problem in porous media [18,19]. Some researches in the past have investigated different problems
of gravity field. Othman et al. applied the normal mode analysis on two-dimensional electro-magneto-thermoelastic plane wave
problem of a medium of perfect conductivity [20-22]. In the present paper, we have discussed a homogeneous thermoelastic half-
space with double porosity structure rotating uniformly with angular velocity and the effect of gravity, the equations of generalized
thermoelastic material with double porosity structure with one relaxation time has been developed. Analytic solutions based upon
normal mode analysis of the thermoelastic problem in solids have been developed. The effect of porosity and rotation is shown
numerically graphically.

Formulation of the Problem and Basic Equations

We consider a homogeneous thermoelastic half-space with double porosity structure rotating uniformly with angular velocity
Q = Q n, where n is a unit vector representing the direction of the axis of rotation. The displacement equation in the rotating
frame has two additional terms [Schoenberg and Censor (1973)]: Centripetal acceleration Qx(Qxu) due to time varying motion

only and Coriolis acceleration 2€) x 1 where U = (u, 0, W) is the dynamic displacement vector and angular velocity

Q=(0,€Q,0). These terms, do not appear in non-rotating media.

In case of isotropic solids, the constitutive equations for double porosity
o,=a® +bh Y, (1)
T,=b 0, +yVY, (2)
c=—be,—a®-a,¥+yT (3)
§=—de,—a,0-a,Y+y,T (4)

Where 5 and g satisfy the equations
O-j,j+§+p0g':K1(D (5)
T, +¢+p Ll =K, (6)
From (3), (4) in (5), (6) with the absence of body force to macro pores and fissures
o, —bejj - O-a, ¥ +y T =K® (7)
r,,—de;, -, ®—a,¥+y,T =K,V (8)
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Stress equation

o, =Ae, o, +2ue, +bo,®@+do, ¥ — po,T 9)
1 1

Where, e, = E(ui’j + uj,l.), @, = E(uj’[ - ul.’j).

From (1) in (7) and (2) in (8)

o @,jj + blﬁvjjj —bejj -0, @—-a¥ +yT =Ko (10)
b@,+y¥ , —de,—a,@—-a,¥ +y,T =K,¥ (11)
Equations of motion with the components of rotation and gravity

de 00 O¥ 0T  ow_

,uV2u+(/1+,u)a+bE+d——ﬂa—x+pg = plii — Q2%u+2.0w)] (12)

Oox

yv2w+(ﬂ+y)@+ba—¢+da—y/—ﬂa—T—pga—u=p[W—sz—l@l] (13)
oz oz oz oz Ox

Equations of heat

K'VT =(l+1, S)PCT+ Bl n T+ p I ) (14)
t
For the purpose of numerical evaluation, we introduce dimensionless variables

), [0) C
(x',z") =—L(x,2), (u',w')=—2(u,w), {o{,rl’}:a—l{m,rl}, (', 75) = oy (t,7,),
G G |

K 2 2 2
[@',\P']:l—“’l[@,\y], czz’“Z"", P v W vy y=0BA+2u)a,
1 2 /u t

a, P K o8

1
Bt

Using the above dimensionless quantities, Egs. (10) - (14) become:

T Q
)t[j, TI:_’ gI: g ) Q’:—'
T, o, @,

£ =(

(ﬂ,+y)%+( U oV or ow

@D
2)V2u+ala—+a —_—

a, S+ g 2 =i — QPu+ 200
pc. ox  pc &  Cox O ox £ ox [ ] (15)
Armoe Hygrra 9240, 9 (O o Pw-20i] (6
pc; 0z pc 0z 0z 0z Ox
) 8. . . :
a,V'T=(+7, 5)(T+ase+a6@+a7¥’) (17)
a,V’® +a, V¥ -a,e—a,®—a, ¥ +a,T = (18)

Annex Publishers | www.annexpublishers.com Volume 6 | Issue 3



Journal of Materials Science & Nanotechnology

a,V'®+a, V¥ -a.e—a,P-a,¥+a,l =¥

Where,
_ ba, _ da _ BT, _ Kw, ) A7
a = 2 7 4 = 2 7 4= 2 Ay = 70 45 = > dg = 27
Kw, c K,w C CC, C cK,w,
P W P W PC Pee P P W
_ N9 _ _ b _b _ 9 _ o _nl
a; = 7 Y3 T, s g =— s g =—> a4 = 7 Ay = > A3 = >
pcKw; oK, ok, a, Kw, Kw @,
a b 4 dk, @ =% LK,

I
= a,. = a,. = a,., = a
4= 5, s s =5 s Gy > 4y 7 0 s 7 > Qo
oK, ok, oK, w K, w K, K,

We define displacement potentials ¢1 and ¥{ which relate to displacement components

u, and u, as,

u :¢1,x — 0, W=¢_+0,,
Using Eq. (20) in Egs. (15) - (19), we obtain:

Vi +a®+a, ¥ -aT +gy, :[¢1 ~ Q% +2Qy,]

0 .. .
(,O/Lcl'z )Vzl//1 + ga_il =[-w, + Qle +2Q4¢, ]
1

a VT =(+r1, %)(T +a;V’é +ad +a, V)

aV’® +a, V'V -a, V¢ —a,®-a,¥ +a,T =

a, V'O +a, V'Y -a, V'§—a,P—a ¥ +a,T =F

Dimensionless variables of the stress components take the form,

A 2u Ou a da
==Vt () =T+ ()P +(——) ¥
Y 2u  ow ba, de,
= (Wi + (227 D N
T VT e i, kst
ow Ou
o, = (= + 2
P, ox oz

The solution of the considered physical variable can be taken in the form

[T,¢,v,,P,Y, 0,](x,2,1) =[T", ¢,y , 0 ¥, 0';.](2)exp[i(a)t+ax)]

(19)

(20)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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Where, @ isthe complex time constant (frequency), i is the imaginary unit, and & is the wave number in x-direction.

Using (27) in Egs. (19) - (23), we obtain

(D’ +B)¢ +a,® +a, ¥ —a,T +By, =0 (28)
BsW: + B3¢1* =0 (29)
(a,D*=B)T - B,(D* -a’)¢ ~B,® -B¥ =0 o

(agD* = B,)®" +(a,D* = B,))¥" —(a,,D* = B, )4 +a,T" =0 (31)

(a, D" =B,)® —(aD"-B )¢ +(a;D"-B,)Y +a,I =0 (32)
Where, B, = (-a’ + @ +Q°), B, = g +2iQwo, B, =L2—a)2 -, B, =iag -2iQa, B, = a’ a,H1o(l+1wrt,),
PG

_ . . _ . . _ . . _ 2 2
B, = 1a)§15(1+1a)ro), B72— iwa (1 +21a)ro), B, = 1a)a;(1+1a)2'%), B, =(a,a” +a,, —o),
2
B, =aya” +a,, B, =aua", B, =(a,a" +a;), B;=(asa" +a,-°), B,=a,a".

By solving Egs. (28) - (31) in the matrix, we get
[D*~ 4D +BD' =C D’ + E}g (), @ ()9 (2)y (2), T } =0 (33)

Where,

4= (a1a1033alsa4 - a1a16B3a9a4 _asBsalsBs —11833611334 + asBla1533a4 _a834a1532a4
—agBa,Bya,s + asayea,B,a, — BB sB,a, + a,,B,Ba, + a,,B;B,,a, — a,,B;Ba,a,
+a,B,B,a,a, + a,B,B.a,a, - a,,Bia,a,a,, + a,B,,B,a,) / (a,,B;B,a, — a,B;a,;a;)

B =(-aja,yBsa,B; + a,a,,B,a, B + a,B;a,5a,,B; + a,B,a,,a,B,; + a,B,,a,5B;a,

—a,Bya\ Bsa, —a\Bya\ B a, — aia,a,B,B,, + B, Bya,ya, — a,, By B,ays + a,, B, B,aa,;
—a\sB\B,asa, — a;ByB,ay, — aB, B, B; + a,B,B;Bsas + a,B, B, Bsa, —a;B,B, Bsa;

- asB4BzBlza4 + asBéazB3a19 - aSBbB3B]3a3 - aSBbB3a2a3a]5 + asaleBsBsaz + axalsBsBsas

- alsBaB9Bs - a4B3B9Bl3 + a4BlB3B9a15 - a4BzB4B9a15 - a3B3B6B9a15 + a2a4B3B9a16
+aya,BBs +a,,B,B, B, —a,,B,B;B,a, - a,,B,B,B,a, + a,,B,B,Ba, + a,,B,B,B,a,

- a13a14azB3Bs + a14a3BeBaBlo + a14BsB3a2a3a9 - a10a14azB3Bs - a14a10a3B3Bs - a14a2a4B3Bn
+ayB,,B,B; +a,B,,B,B,, - a,a,B,B,B,, + a,a,B,B,B,, + a,a,B,BB,, —a,ya,a,B,B,,)
/(a,,B;sBsa, —a,B,a,say)

C=(-a,BB;B,a, +a,a,,B:B,B,, _alal‘)aQazB3 + alalsalsazBsBé +a,a,,a,9B; B + a,a,,BsB; B,
+a,a;sB, BB + aa,B, BB, — a,a,,a,,B,B; — a,a,( B, B, B; — a,a,B,,B,B; — a,a,B,, BB,
+a,B, BB, —a,;B,,B;B;, —a,ya,B,B;B, + a;;a,;B,B, B, + a,a,8,B,B, —a,;a,;B8,B,B,

— a,a,,a,yB; By + a,a,,B, B, B, + a;a,:B, B, B, + a,a,,a,,B, B, — a;a,:B, B,B,, — a,a,B,B,, B,
+ayayB BB, +a,B BB, B, —a,a,B, BB, —a,B,BB, B, + a,a,B,B;B,, + a;a,B,BB,,

+ a8a2a19a23336 _a8a3a2Bl3B3B6 —a,yByByBy — B,B:B;B,; + a,;B, BB, B, + a,B B, B, B,
—asB,B,BB, —a,B,B,B,B,, + a,B,B,B,B,, —a,B.B,B;B,; — a3alstBgB3a2 +a,,a,B;B, B,
+aa,B,BB; + a,a,B,B,,B; —a,,a,,B,B;B, —a,,B, BB, B; + a,,B,BB,a,; + a,,B,B, B, B;
- a,B,B;B,\a,, —a,B,B:B,a,, - al4a13a2azB336 + a14a3azB3BéBw +B,B;B;a,; + B, B;B,B,,
—ayB,B,B,,B; —a,B,B;B,,B,, +a,B,B,B,B; + a,B,B,B,,B,, — a,a,,B;BB,, + a,B;B(B,, B,
+ B12a9a3azB3BG _aloazBaBsBlz _aloasBlzBsB3 _a4azBllBl2B3) / (a14B5B3a9 - a4Bsa15a8)'
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E=(- a1a19azB(>B3Bm + alal3a2BéB3Bl3 + a1a19BxB3Bll + alBl3BSB3Bl] - a1a13BsB3Bl4

- a,B;B,,B,B,, — a,,B,B; BB, + a,;B,B,,B,B, + ,,B,B,B,,B, — a,,B,,B,B,B, — a,a,,B,B,B,,

+ aSBISBllB3B7 + aZaISB7B3Bl4 _a3B3BlOBl4B7 + alQBSBlBXBQ + BQBIB3B13BS _al‘)BQB4BXBZ

- B,B,B,B,,B; + ByB,,Bya,B; + B,B,, B, Bya, + a19a2a2363339 - BoazazBsBaBlz —B,B,ByB;a,;
- B,,B,BB,,B; + B,B,B;B,a,, + B,,B,B,,B,B; — B, B, B, Bsa, — B, B, By By, — BlzBsBoazalzaz

+a,a’ BB, B,B,,) / (a,,B;Bya, — a,Bya,say)

The solution of Eq. (33) has the form

To get the displacement substituting Eqgs. (37), (38) in (20) we get

4 4
u= Zla H3nMne-anel(a)t+ax) + zkn H4nMne-anez(a)t+ax)
i=l

i=1

4 4
w= Z _an3nMne—anet(wt+ax) + Z l-aH4nMne—anez(wt+ax)

i=1 i=1

To get the stresses displacement substituting from Eqs (39) and (40) in (24)-(26) we get

O =

XX

M-

i=1

Q
Il

~
Il
—_

H

z Tn n

Q
Il
.M“

I
—_

Dimensionless variables for the components of O;, Ti

05 = 771CD,Z +m,Y

3= 773(1),2 +n,'Y

Where, 77 =4 n,=n,= hay n, = il
N kel T ake?’ U ake?

-kyz i(wt+ar)
Hy M, e e

-k,z i(owt+ax)
Hg M, e e

M e-knzei(a)Hax)

4

\Z

(34)
(35)
(36)
(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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To get the solution of O3 and 73 substituting from Eqs. (34), (35) in (44) and (45)

4
-k,z i(ot

o, :ZHgnMne nZ gi(@r+ax) (46)
n=l1
: k

_ —KpZ i(wt+ax)

7, —ZH%Mne et (47)

n=1

Where,

{_[am(amknz —Bl4)—a19(a10knz _Bll)][alB6(kj _az)_B7 (k;12 + /)]
_[(a4k3 _Bs)(knz +f)_a3Bs(kj —a’)]
_ [(agkn2 _Bg)(amknz —314)—(6114/{3 _Blz)(amknz -8}
" {[aZB6(k3 _az)_Bs(kj "'f)][an(amkn2 —B14)—a19(a10knz -B))] ’
_[(Cl4kn2 _Bs)(kj "'f)_a336(kn2 —a’)]
[(ack, — By, )ayk, —B,y)—(a,k, — B, )ask, =B}

_ —la,By(k, —a’) =B, (k, + ] +[a,By(k, —a®) - B (k, + /A,

H, = ,
’ [(ak, = B)(k, + [) = a;,By(k; —a®)]
a,H, —a —a,H -B
3n:( 37" 1n 5 1 2 ]n)’ H4n:( H3n),
(k, +1) B,
2
HSn = (i(knz _az)_ 2lua )H?m _H2n +( b?I )+( dzcxl )Hln’
AT, BT, ko BT, ko BT,
H(m:[ ﬂ (k;zz_az)+ 21” k}f]HSn_HZHJr( bfxl )+( dzal )Hln’
AT, AT, ko BT, ko BT,

H7n - ﬂLT[_Ziak’?H3" - (az + k}f )H4n]’ HSn = (_nlkn _nzanln)’ H9n = (_ n}kn - 774an1)1)'

0

Boundary Conditions

We apply four boundary conditions for present problem at the plane surface z=0.

o =P (48)
7,=0 (49)
o; =0 (50)
T = Pe' ™™ (51)

Applying Eqgs. (48)-(51) in (36), (41), (46) and (47) we get

4
Z HSnMn = Pl (52)
n=1

4
Z H9nMn — 0 (53)
n=1
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w

o
=

Hy,M, =0 (54)
n=1
4
> H,M, =P, (55)
n=1
To get M|, M,,.....,M,, we can put Egs. (52)-(55) in the matrix
Ml HSI H52 H53 H54 R
2 H91 H92 H93 H94 O (56)
H, H, H,, H 0
H

T X X

~

T

N~

Numerical Results

To study the effect of double porosity with the Rotation, we now present some numerical results. For this purpose, copper is taken
as the thermoelastic material for which we take the following values of the different physical constants as [21].

A=77x10"N.M?, 1=3.86x10"N.m>, K=3.86x10°Ns".K", a=25 w=-1, a =1.78x10°K",
p=8954Kg.m>, C =383.1J.Kg'K™", T,=293K, 7,=0.7, x=0.5, E=-1, p,=1x10°, p,=2x10",
1=0.5, Q=02 g=9.28.

Following Khalili [17], the double porous parameters are taken as,
a=13x10"N, b =0.12x10°N, y =1.1x10° Nan2, y,=0.16x10°N.m>, 3, =0.219x10° N.m™>,
d=0.1x10"N.m?, b=09x10°N.m>, K, =0.1546x10"2N.m?, K, =0.1456x10"> N.m .

The numerical technique, outlined above, was used for the distribution of the real part of the temperature T the displacement

components u, w the stress components O,,, O and the components of double porosity O and 7T for the problem. All the
variables are taken in non-dimensional form the result.

Figures 1,2 show the comparison of the displacement u in the presence and absence of double porosity at (2=0.2, Q=0).
We find in Figure 1 that the displacement u increases at ) =( then decreases until it decay to zero, while uat 2=10.2, Q=0
decreases, then increases until it decay to zero. However, in Figure 3 the displacement decreases at (€2 =0.2, 2 =0) and takes
the form of the wave until it decay to zero. Figures 3,4 illustrate the comparison of the displacement w in the presence and absence
of double porosity at (£2=0.2, 2 =0). We find that in Figure 3 the displacement w increases at ( Q=0.2, Q=0 ) then
increases until it decay to zero, but in Figure 4 the displacement w increases to a maximum value at z=0.5, and then decreases
to a minimum value z=1.5 until it decay to zero at (2 =0.2, Q =0). Figures 5,6 explain the comparison of the temperature T
in the presence and absence of double porosity at (€2 =0.2, Q =0). We find in Figures 5,6 that the temperature T decreases
in both two figures and satisfies the boundary condition at ({2 =0.2, Q =0). Figures 7,8 demonstrate the comparison of the
stress component O, in the presence and absence of double porosity at (QQ = 0.2, QO = 0). We find in Figure 7 that the stress o,
increases at Q =0.2 more than Q =0 to a maximum value at z=0.4, then decrease at the two cases and try to return to zero. In
Figure 8 the stress o, decreases at ({2 =0.2, {2 =0) then increases at the two cases and takes the form of wave and try to return
to zero. Figures 9,10 demonstrate the comparison of the stress component & _ in the presence and absence of double porosity at (
Q=0.2, QQ=0). We find in Figure 9 that the stress T, increases at ) = (0 more than Q =0.2 than decreases until it decay to
zero. Figure 10 illustrates that the stress o, decreases to a maximum value at z=0.5, then increases to a minimum value at z=1.5
in the absence of double porosity, and takes the form of wave and try to return to zero. Figures 11,12 explain the comparison of
the equilibrated stresses O and T in the presence of double porosity at (2 =0.2, O =0). We find in Figures 11,12 that the
equilibrated stresses O and T increase to a maximum value at z=0.2, and (2= 0.2, Q =0), then begin to decrease and take
the form of wave and try to return to zero.
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x 10 With Double Porosity
2 T T : T : T " T
————— 0=02
—  0Q=0
=3 .
14 1 1 [ 1 [ 1 1 1
0 02 0.4 06 08 1 12 1.4 16 1.8
z
Figure 1: Distribution of the displacement u
Without Double Porosity
0.4 T T T T
3
,DB L L L L 1 1
0 1 2 3 4 & 6 7
z
Figure 2: Distribution of the displacement u
x 10° With Double Porosity
2 T T T T T T T "
————— 0=02
—o0=0 H
2 .
) A i
!
41! 4
I
54 i)
:
B 4
_? 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 12 1.4 16 1.8

z
Figure 3: Distribution of the displacement w
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0.4
0.3
0.2
0.1
3
0
0.1
0.2
o 1 1 1 1 1 1
0 4 2 3 4 5 6 F i
Figure 4: Distribution of the displacement w
x 1072 With Double Porosity
25 T T T T
s Q=02
Q=0
'_ -
0_5 | | L 1 | | 1 1
(0] 0.2 0.4 0.6 0.8 i 1.2 1.4 1.6 1.8
z
Figure 5: Distribution of the temperature T
Without Double Porosity
1.4 T T T T T T
0=02
e 0=0
'_ —
1 L 1
4 5 6 Fd

Figure 6: Distribution of the temperature T
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Conclusion
The figures obtained by comparing double porosity in the presence and absence of rotation, important phenomena are observed:

. Analytic solutions based upon normal mode analysis of the thermoelastic problem in solids have been developed.

. The method that is used in the present article is applicable to a wide range of problems in hydrodynamics and thermoelasticity.
. 'There are significant differences in the presence and absence of double porosity under the effect of rotation.

. All the physical quantities satisfy the boundary conditions.

. 'The value of all the physical quantities converges to zero, and all the functions are continuous.

U W N =

The problem though theoretical, but it can provide useful information for experimental researchers working in the field of
geophysics, earthquake engineering, along with seismologist working in the field of mining tremors and drilling into the crust of
the earth.

Nomenclature

A, M Lame' parameters

ww Displacement vector

0, Kronecker delta

,d Mass density

c, Specific heat at constant strain

Oy The stress tensor

v, The volume fraction field corresponding to pores and is the volume fraction field corresponding to fissures
W,®  The volume fraction fields corresponding to v, and v, respectively

K The volume coefficient of thermal expansion

K >0 Thermal conductivity
k, and k, are coefficients of equilibrated inertia

T, Reference Temperature

Ty Relaxation time

b,d,b,,y,y, 7, Constitutive coefficients

o, The equilibrated stress corresponding to v,
T

The equilibrated stress corresponding to v,

~.

T The temperature change measured form the absolute temperature T,
@y Skew symmetric tensor called the rotation tensor

g Gravitational field
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