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Abstract

Everyone in the world is susceptible to the serious and highly contagious rubella virus disease in humans. It is especially
dangerous when pregnant women contract the virus and transmit it to the fetus, causing congenital rubella syndrome.
In this study, a stochastic delay mathematical model of rubella dynamics was developed and analyzed to describe how
the incubation period and environmental influences, such as temperature changes, affect the disease. To develop this
model the entire population was divided into fivecategories: S(t) susceptible, V (t) vaccinated, P(t) protected (received
the second dose of vaccine and developed active immunity for the rest of life), I(t) infected, and R(t) recovered. The
qualitative behavior of the model is analyzed, and the model analysis results show that the basic reproductive number in
the stochastic delay is smaller than the delay due to time delay and stochastic perturbation. Some parameter values were
taken from relevant published articles and others were assumed. Numerical simulations were performed to study the
effects of basic parameters, and the simulation results were displayed graphically using MATLAB 2019 computer software.
Simulation results suggest that reducing contact, exposure, and vertical transmission rates as well as increasing the time

delays, recovery rate and rate of first and second-dose vaccination play a role in minimizing the spread of rubella.

Keywords: Rubella, delay, stochastic, stochastic-delay modeling, numerical simulation.
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Introduction

Rubella is a serious infectious disease in humans caused by the rubella virus [1]. It is caused by droplets released from the respirato-
ry secretions of a person infected with the rubella virus, by contact with tissues infected with the rubella virus, by contact with the
urine of a child infected with rubella, and by drinking fromcups used by a person infected with this virus. A study [2] showed that
rubella is a global epidemic spreading in tropical and subtropical regions. It is commonly known as a non-fatal disease. However,

it is very dangerous, especially for pregnant women infected with the rubella virus where their infants inherited congenital rubella
syndrome (CRS), which puts them at higher risk for fetal development and has been linked to birth defects, still birth, intellectual
disability, heart disease, diabetes, encephalitis, and low birth weight (14).

This disease caused health and economic problems worldwide. For instance, complications including 20,000 babies born with CRS,
2,000 cases of encephalitis, 11,250 abortions, and 2,100 infant deaths were reported in the United States between 1964 and 1965 [3].
According to [4], there were about 22,000 children born with CRS in Africa, about 46,000 in Southeast Asia, and about 13,000 in the
Western Pacific in 1996. Besides this study, many studies try to explainthat very few countries have included rubella vaccination in
their vaccination programs. Their national vaccination programs and the absence of childhood vaccination programs may contribute
to the increased incidence of CRS. A study by [5] reported that between 2009 and 2015, there were 2,615 cases of rubella in Ethiopia
most of them (52.2%) were female, and the age range of confirmed cases was between one month to forty-two years old. In their
study, about threequarters of confirmed rubella cases were over 5 years old, and the number of laboratory-confirmed rubella cases
increased linearly from 83 cases in 2009 to 856cases in 2013, but decreased to 222 and 319 cases in 2014 and 2015, respectively.
The number of cases recorded is highest in the hot dry season from January to June and lowest in August and September [6]. This
indicates that the dynamics of rubella are opportunistic. Some symptoms of this viral disease are mild fever, fatigue, headache,
miscarriage, itching, irritability, joint pain, polyarthritis, and loss of appetite [7]. The pink or red rash appears 14 to 17 days after
exposure with an average incubation period of 14 days, ranging from 12 to 23 days. It is a vaccine-preventable disease, and the MMR
(measles, mumps, and rubella) vaccine is the most recommended vaccine to prevent all three diseases and is considered eradicated
[8]. According to the Centers for Disease Control and Prevention, children should get two doses of the MMR vaccine. The first
dose of the vaccine provides greater than 95% immunity and should be given to children between 12 and 15 months of age, while
the second dose should be given to children between 4 and 6 years of age to confer lifelong immunity. However, there is no specific

treatment for rubella infected person [8].

A mathematical model is useful for describing and analyzing dynamic behavior, spread, and control strategies to create a visualization
of infection over time [9]. As noted in the study [10], the concept of disease transmission and control is based on mathematical
rules used in the research design process to inform the design of infectious diseases. According to the research conducted by [11],
developing mathematical models helps to understand epidemiological patterns and predict the consequences of introducing public
health measures to control the spread of disease. The ability of a mathematical model to predict disease control strategies highly

depends on the assumptions made during the modelingprocess. This is also explained in the study [12] as the idea of a mathematical

model is a simplified representation of real-world entities, whether mathematical formulas or computer codes, which are models,
developed over time and are systematic in nature. There are various types of mathematical modeling methods. One type of
mathematical model is the stochastic model, which takes into account environmental factors such as precipitation, humidity, and
temperature, as well as the randomness of infectious agents [13]. A study by [14] found that contacts occurring during the incubation
and infectious periods have a significant impact on the level of transmission of all types of infectious diseases. So, we have to include
randomness in mathematical models to account for the consequences of environmental variation on the model and help to compare
the difference between stochastic and deterministic in mathematical epidemiology. When an intrinsically vulnerable person comes

into contact with an infected person, the vulnerability is released and becomes infected but not contagious and the infected person is

exposed for several days before being infectious [11]. Therefore, it is prudent to provide a time interval from infection to onset of
symptoms using a delay mathematical model. Again by incorporating both the incubation period and environmental factors, we

can develop a stochastic delay mathematical model that approximates stochastic differential equations involving auto-correlated and
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generalized deterministic, delay, and stochastic differential equations [15]. To study the spread of rubella in the community and
predict its control mechanisms, many epidemiological modeling studies have been performed using various mathematical modeling
techniques. For instance, the dynamics of rubella re-infection with vaccine-induced transmission have been studied in [2]. Based
on the biological behavior of rubella, a deterministic mathematical model was built by dividing the total population into 5 groups:

type S(t) susceptible, E(t) exposed, I(t) infected, R(t) recovered and V (t) vaccinated. However, the assumption that the first vaccine

develops lifelong active immunity is inconsistent with a study by [16], in which the MMR vaccine was recommended twice for the
development of active immunity (protects against rubella virus). A SEIR mathematical model of rubella outbreaks with optimized
ordering using fractional differential equations was also developed in [17]. MATLAB functions are used to obtain optimal values for
parameters such as transmission rate, fractional order, and fractal dimension using nonlinear least squares estimation techniques.
The results show that this is directly related to the cause of the violation transmission. The SEIRV mathematical model of rubella
dynamics was developed and analyzed in [18], with the aim of extending the model to support studies of virus spread in target
populations. According to [19], rubella can be detected in the blood even several days after infection and then spreads throughout the
body. It is teratogenic and has the ability to cross the placenta infect the fetus, and destroying cells. The author developed the SEIVR
mathematical model based on non-singular, non-local fractional derivatives and used three-level Bashforth diagram and Jacobian
matrix to research and test the stability of the model’s equilibrium point. The existence and uniqueness of the solution are analyzed in
detail using the Banach fixed point theorem. This work was supported by [20] by replacing the time derivative with Caputo- Fabrizio
partial differential equation model of rubella prevalence. Based on the assessment of national rubella vaccination programs and
the CRS, the study in [21] an MSVEIR mathematical model developed. This model predicts rubella virus eradication as part of a
vaccination program. Transmission of infection and reduced vaccination effectiveness is a major problem, as vaccinated individuals
can be asymptomatic and re-infected. Research by [22] revealed that non-linear rubella epidemic progression interacts in complex
ways with both fertility and spatial heterogeneity, leading to increased vaccination rates across demographic and epidemiological
needs. This study also explains that rubella infection in children inherited from their mother during early pregnancy can lead to
fetal death and multiple CRS due to insufficient MMR coverage. Birth rates, infection rates, and seasonality influence the minimum
coverage required for rubella vaccination. The burden of CRS in epidemiological and demographic settings, including the effects
of local infection with stochastic decline, was modeled by dividing the total population into five epidemiological groups, namely:
maternal immunity M(t), susceptibility S(t), infection I(t), recovery R(t) and vaccination V (t). According to a study by [23], regarding
the biological aspects of vaccination, the rubella vaccination strategy aims to eliminate rubella and reduce CRS. As a result, a SEIVR

deterministic mathematical model was developed to describe the direct or indirect transmission of rubella.

Many authors have studied the public health complications and transmission of rubella. As a result, many different mathematical
models have been developed to predict the mechanism of rubella control. As demonstrated in [6] and [22], the unpredictability of
interpersonal contact and environmental factors duringincubation and infection leads to dynamic transmission of the rubella disease
is random in nature. As the authors stated, rubella is an opportunistic viral disease influenced by environmental factors such as
temperature changes and seasonal factors. Therefore, models must account for randomness using a stochastic approach. As a study
conducted by [7], rubella also shows symptoms several days after infection. To the best of our knowledge, there is no study that
accounts for randomness and delay simultaneously in their model. Therefore, in this study, we developed a rubella dynamics model
using a stochastic delay dynamics system, which takes into account incubation period (time delay), second vaccination, stochastic
factors, and vertical transmission from mother to fetus. The remainder of this paper is arranged as follows: Section 2 presents the
description and formulation of the model. Section 3 deals with the qualitative analysis of the model. Section 4 deals with the numerical
simulations of the model and the simulation of the effects of basic parameters where the results of this simulation are displayed using

MATLAB 2019 computer software are discussed. Finally, Section 5 provides a discussion and conclusion for this paper.

Model Description and Formulation

The model divides the total population into six parts, namely: S(t) susceptible, V (t) vaccinated, P(t) permanently immunized, E(t)
exposed, I(t) infected, and R(t) recovered). Individuals in the susceptible group had increased recruitment rates 7, first vaccinations

influx w, and loss of immunity in convalescents with rates p as well as decreased contact rates p and vaccination rates a. Individuals in
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the infected group will increase at rate  through contact and vertical transmission from mother to child at rate 6, as well as decrease at
rate y, and die from rubella at rate e. The recovery class increases with the rate of recovery rate y of the infected person and decreases
with the rate of loss of immunity p. The group of vaccinated individuals will increase as the first dose of vaccine is administered to
those susceptible at a rate of a. This class is reduced by administering the second dose of vaccine at a rate § and tapering the first
dose of vaccine at a rate w. The permanent immunized class will be increased by administering the second dose of the vaccine at a
rate 8. All classes decreased due to the natural mortality rate p and all parameters were positive. The main goal of this model is to
examine the impact of stochastic perturbations and the incubation period (time delay) on rubella dynamics. Furthermore, the model

is developed with the following assumptions:

o Individuals will become infected through direct contact with respiratory droplets from rubella infected person and vertical

transmission from mother to fetus [1].
e Rubella infected individuals will recover or die due to rubella disease [2].

e People who have recovered from rubella disease and have been vaccinated for the first time are again susceptible to rubella after

several years [2].

e A person who received two doses of MMR vaccine will have active immunity (get permanent immunity against rubella virus) [16].
e All the parameters to be used in this model are positive and due to natural death at a rate of y, all classes are decreased.

e We also assumed that rubella is an opportunistic viral disease (i.e. it is influenced by environmental factors [6, 22].

e Based on the behavior of rubella, we assume that an individual infected during time t — T, but not yet contagious (exposed), will
become infected after time T . The probability that an individual survives the incubation period [t — T, t] is determined by the bilinear

incidence BS(t — t)I(t — T )e—ut , where is the incubation period [16].

Figure 1 shows the Rubella dynamics diagram constructed based on the model description, assumptions, and interrelationships

between compartments and parameters.

After introducing Brownian motion Bi(t) and environmental factors oi, we obtained model equation (1).
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Figure 1: Schematic diagram of rubella disease dynamics.
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dS = (7 + pR+wV — BS(t — 1)I(t — 7)e~"T — (o + p)S) dt + 015d B (t)
dV = (a8 — (§ +w + )V dt + 02V dBa(t)

dP = (5V — uP)dt + o3 PdBs(t)

dl = (BS(t — T)I(t — T)e™P" — (u+ v+ — 0)I) dt + 041dBu(t)

dR = (7I — (1 + p)R) dt + o5 RdBs(t)

Qualitative Analysis of the Model

In this section, the qualitative behaviour of the model such as the positivity, boundedness, equilibrium points, basic reproductive
number, and sensitivity analysis of the model are analysed.

3.1 Positivity of the Solutions

For biological reasons, since the state variables and corresponding parameters represent population types and proportions, they are

assumed to be positive [23].

Theorem 3.1. All solutions of system of equations (1) are non-negative for all values of t > 0, with initial conditions S0 > 0, V0 > 0,
P0 > 0,10 > 0,and RO > 0.

Proof. To proof Theorem (3.1) we take the first equation of the system ofequation (??),

dS
dt

=m+ pR(t) + wV(t) — BS(t —T)I(t — T)e *" — (. + 1) S(2) (2)

considering only the negative part of (2), we get

% > —BS{Et—T1)I({t—T1)e™F" — (a+p)S (3)

Using a study by [13],S(t — v ) and I(t — T ) represent the individuals who have released the susceptibility and are infected but not
infectious. Then, the delay differential equations can then be simplified as limt—->eo S(t) = limt—>co S(t—1 ) = S and limt—>oe0 I(t) =
limt—>eo I(t — ) = 1. We now apply the method of separation of variables to equation (3), we get

ds
i > KT ;
& 2 (BIe™ " + o+ p) dt

1B remrasnia

= S(t) > Sgexp(— [ (BIe ™™ 4+ a+p)dt) >0

Next, let’s take the second equation of the system of equation (??).
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dVv
dt

aS(t) — (5 +w+ p) V(1)

> —0+w+p)V(E)
= V(t) > V(0) exp(— (0 +w + p) dt)

In the same process, we get the solutions for the other compartment such as P(t) > PO exp(—ut) > 0, I(t) > 10 exp(—(n +y +¢€) t) >0
and R(t) = RO exp(—(u + p) t + ¢) > 0. Here since the exponential function is positive, then S(t) > 0,V (t) > 0,P(t) > 0 ,I(t) > 0, and
R(t) > 0. In other words, the solution of the system of equations is non-negative for non-negative initial conditions.

3.2 Boundedness of the Solution for the Delay Model

This section discusses the region in which solving the system of equations is biologically significant and meaningful [23]. Therefore,

in this section, we consider the region where the solutions of the system of equations (1) are bounded.

Theorem 3.2. The solution of the system of equation (1) with initial conditions SO > 0, V0 > 0, PO = 0, I0 = 0,R0 > 0 is bounded in the
region Q= (S, V,BLR) ER5+:0<N(t) <mp.

Proof. Let’s look at the total population at a given point in time, like this:
Ni{t) = 8] + Vi) + Pid) 1 e+ Rif)- (4)

Next let’s differentiate both sides of equation (4) concerning time t ;

dN B iy - ay dP ﬂ @
dt dt+ dt * dt +dt+ e

=m+pR+wV —p3St—7)I(t—7)e " —(a+pu)S+06I+

BSt—m){t—T)e ¥ —(u+v+e—-0)I+aS—-(0+w+p)V +8V —pP+~I—(p+p)R
=m+40I —el —p(S+P+V I+ R),
=7+0] —el —uN. (5)

If there are no deaths due to rubella and no rubella-infected newborns, then

dN

E S m— ,U-.-?\fr
N < T — exp(—ut + ¢)
P(
5 —ezp(—pt + c)
H H

As t —> oo the value of exp(—ut + ¢) approaches to zero. The non-negative solution of this model is proved in Theorem (3.1) , so

N(t) = m/p for all t > 0.Since all state variables represent a population class, they remain non-negative over the possible region Q
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[11] Therefore, the developed mathematical model is well posed (the behavior of the solution changes continuously according to the

initial conditions) and epidemiologically meaningful in the region Q = (S, V, B, LR) € R® : 0 < N(t) < 7/
3.3 Boundedness of the Model for Stochastic Delay Model
Theorem 3.3. The region ) is almost surely a positively invariant of the system of stochastic equations (1).

Proof. Let’s take a large integer K ,so that if (S0, V0, P0, I0,R0) € R’ , then every component S(t), V (t), P(t), I(t) and R(t) lies in the

interval [l/ko, 1] . For each integer K > k0 , a stopping time can defined as:

Tog = A0IE {t € [0,7.] : S(t) < Ii or I(t) < % or R(t) < Il&} and
T =1t §t € [0,7:] 2.5(t) € 0er I(t) < Bor R} <0}

Next, we want to show P(t = ), which is P(t < K) = 0 for K > 0 so that it allows us to show limt—->eo(sup P(tk < 0) = 0). Let’s consider

the Lyapunov function L(t) as follows:
Vit)=—InS(t) —InV(t) —InP(t) —InI(t) —In R(t). (6)

Differentiating both sides of (6) gives

» 1 | [—
dv(t) = — stm + V—(f)(ﬂ/ (t) + de t) + mdI( )+ T}(m( )
— }) [(m + pR(t) + wV (t) — BS(t — T)I(t — T)e " — (a+ p)S(t))dt + o1.5(t)dB1(t)]

[(aS(t) — (6 +w+ )V (t))dt + 02V (t)dBa(t)]

(t)
_P‘t‘-) [(8V(£) — pP(t)) dt + o3 P(t)dBs(t)]
705 (010 = (s + IR(O) i + 05 R( 0B 0)
B (S(i))z (7 + pR() +wV () = (BI(t = 7)S(t = T)e™ + (a+ p) (D))t + o1 (1)dBu(1)]”
E (Ié))z [(BI(t—7)S(t = T)e™ ™ + 01(t) — (1 + 7+ 2)1(1)) dt + oul (H)dBs()]” (7)

Leta=m+ pR(t) + 0V (t) = BS(HI(t)e ™ + (a + w)S(t), b = 0,5(t), c = BS(OI(t)+ + OI(t) — (u +y + &)I(t) and d = o I(t).
where S(t — t) =S(t) = S and I(t — t) =I(t) = I Then equation (7) becomes
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AV (t) = ——— [(7 + pR(t) + wV (1) = BS(U)I(t)e ™ = (a + p)S())dt + 015(t)dBy (1)]

S(t)
—%ﬂ [(@S(t) = (8 4+ w =+ )V (t))dt + o2V (t)dBa(1)]

—% [(5V () — pwP(t)) dt + o3 P(t)dBs(t)]

—% [(BS@)I(t)e ™ " — (n+~+e—0)I(t)) dt + 041 (t)dBa(t)]
~ 2 [0 = -+ )R(O)di + o5 (1) LB 1)

—%ﬂ [(adt + bdB (t)]?

—Igt) [edt + ddBy(t))?

B T pR(t) WV (t) «aS(t) V() ~I(t)
i Sty St St V() Pt R(@)
+5u +w+8+7+e+p—[B?+ B2+ B2 + BZ + B2|dt — 01dB(t) — 02dBs(t)

—O’gng (t) o O'4dB4(tj ~ O’5dB5(I‘-) (8)

— BS(t)e ™" —0— BI(t)e " +

. R % s 5V (t I : _
Let us represent LV = [— S’(rﬂ — ps(g) — MS(S) — av((:}) = p((f)) = A;g(%) —@st)e " ~

0—BIt)e * +a+5u+w+d+y+ec+p—[B2+ B2+ B2+ B2+ B2] and

D = a+5pu+w+8+y+e+p—B* +B* +B* +B? +B’ ]. Then equation (8) becomes

dV() = LV(t)dt+ Ddt — [01dBi(t) + o2dBa(t) + 03dBa(t) + 04dBa(t) + o5dBs(t)
< Ddt — {0'10181 (f) + O'QdBQ(t) Iz O’gng(t) + o4dBy (t) + o5dB5 (f)] (9)

Let tk AM = min(tn, t). Then by integrating both sides (9) with respect to time t runs from 0 to tk AM gives

TeMAM T MM TeMM TN M T MAM
/ dV (X (1)) :] Ddf—/ or;dBl(f]—/ Ugng(t}—f o3dBs(t)
0 0 0 0 0

T AM e MM
—f 0'4(1'.84[i) —/ U.’:dBF;(t}
0 0
TR AM T M Tie MM
V(X(m A M)) = V(X(0)) +Df dt — m/ dB(t) - agf dBs(t)
0 i} 0

TeAM T AM TR AM
—ﬂ'gf !’IB:;[fJ - 04] dB.;[f) - 05[ st[f,}
0 [¥] 0

= EV(X(n A M)) < V(X(0)) + DE/TMM dt < V(X(0)) + DE (10)
0

Since V (X(tk AM)) > 0, then
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EV(X(m AM)) = E[V(X(m A M))x(r,<an] + E[V(X(1e A M) x(r,>1)]
> E[V(X(me A M) x(re<an) (11)

Now, for 1,, there are some components of X(tk), say S(tk) such that 0 < S(tk) < 1/k < 1. Therefore, X(tk AM) > ~In( 1/k ) this comes

from,

X(reAM) =InS(m) < ln[%)f

X(meAM) = In l which implies X{rz AM) > —1In l) 12
k k

Thus, from the equations (11) and (12), we get

EV(X(m AM)) > E[V(X (7 A "Uj)xlmsﬂfj] > E[- in[%)] (13)

From the equations (12) and (13) it follows that

EV(X (m A M)) > —ln[%}P[n. A M),

> In(k)P(r. < M),
EV(X(m AM)) _ V(X(0)) +CM
In(k) = In(k)
V(X(0)) +CM
In(k) (14)

P(ry < M) <

Let T, —> oo and by taking limit sup to equation (14),for all M > 0, we obtain that P(t,< M) < 0. Therefore, limt—>co sup(P(t, < M))
= 0 Then the theorem is proved.

3.4 Equilibrium Points of the Model

In this section, we calculated the points at which the disease disappears and persists for a model consisting of all possible non-

negative solutions of the system equations.
3.4.1 The Disease-Free Equilibrium Point of the Model

In this section, the point of disappearance of rubella from the community is calculated using the system of equations (1). To do this,

the right side of the equation is set to zero.

T+ pR(t) +wV () —BS(t—7)I(t —T)e ™ — (ax+ p)S(t) =0
aS(t)—(0+w+pu)V(t)=0

= & dV(t)—uP(t)=0 (15)
BS([t—TM({t—T)e " —(p+y+e—-80)I({)=0
A1(t) — (1 + p)R(E) = 0
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The disease-free equilibrium point is reached when the proportion of infected people is zero (i.e. when there are no infected people

in the community). The system of equations (15) is then presented in the following simplified form:

T+ wV(t)— (a+p)S(t) =0
=4 aS{Ht)—(d+w+ V() =0 (16)
oV (t) — pP(t) =0

From second and third equation of (16), we get V(t) = uP(t) and S(t) =
(+p+w)V(t)  (0+p+w)pP(t)

. Then, substituting S(t) and V(¢) in the

a fa]
Tad
first equation of the system (16), we get P(t) = S) =
: (e +p)(0 + p) +wp)p
(0 + p+w) and V(1) = T

(a+p)d+p) +wp (a+p)(d+p) +wp
Therefore, the disease-free equilibrium point of the system of equation (1) is
(6 4+ w+ p) ye! Tad
(5. V(o). PO.10).R0) = , , 0.0)
(a+p)(6+p)+wp (a+p)0+p)+wp ((a+p)0+p) +wp)p

3.4.2 The Endemic Equilibrium Point of the Model

To simplify the steady state of these delayed differential equations, we use limt—>co S(t) = limt—>c0 S(t — 1) = S and limt—>e0 I(t) =
limt—->eo I(t — T ) = L'Therefore, from the third, second, fourth, and fifth equation of (15), we get,

V(t) = ‘“t;[” (17)
S(t) = (0 +w -{I;,r.a}b’(tj 3 (0 +w -;;.;}uf-’[f] (18)
Fifgy = 220 (19)
p+p
I(t)(BSe™ + 80— (u+~v+¢)) =0 (20)

Since I(t) # 0 at the endemic equilibrium point, then equation (20) becomes

BSe ™ T +0 —(p+~v+¢2)=0
(p+v+e—0)
;'S’E_N’T

=85 =
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Using this value we can deduce the following from equations (18), as follows S =

w which implies that JBZJr;: B = (5+w4;‘:5)“}3(t). This is true when
P = 2B 0 Then, putting P in (17) , gives V = 220 Noxt, let's

(6+w+p)pBe kT (+w+tp)Be—HT

substitute S, P and V' in the first equation of (77)

=71+ pR(t)+wV(t) - 8S(t—7)I(t —T)e™" — (a+ p)S(t)=0
pyl  walpt+y+e—-0) Pe*(p+y+e-— E?) (a+pu)p+vy+=-0)
T + + — = = = =8
p+p (04w p)berm Pe=b2 Bemnr
(u+ p)mBe " (0 +w+p)—(p+v+e—8)((a+ p)(d+ pu) +wp)]
Be=#T(0 +w+ p)((p+v+e—0)(p+p)—py)

1=

Again by inserting the value of I in (19), gives

. [[m’i’a‘“"(ﬁ tw+p)—(p+y+e—0)((a+ p)d+ p) +wu)
(1 +p) BemrT(d +w + p)((p+v+e—0)(pu+p) — py)

Therefore, the endemic equilibrium point of the moldel is (S.V.P.I,R) =

{(u+~/+€—6'} a(pty+e—0) ad(pty+e—0) (ptp)[wBe”*T (twtp)—(pty+e— 9)((a+n)(¢+u)+wu)]
Be=HT 7 (d+wtp)FeHT ) (6+wtp)uBeHT Be=kT (6+w+p)((p+v+e—0)(p+p)—pY)

[mBE“"(5+w+,u)—(M+'v+€—9)((0€+u)(é+u)+wn)]] }
Be= BT (d+w+p) ((p+y+e—8)(u+p)—pv)

equilibrium point of the model.

is the endemic

y

3.5 The reproductive Number of the Model

The next-generation matrix method described in many literatures mentioned is used to determine the base reproductive number of

the model.
3.5.1 The Reproductive Number of the Model (R ) with Time Delay.
To find the basic reproductive number, let’s take the infected class.

dl

= I{t)+BSE—T)I(E—7)e " —(p+v+e)d (21)

Then, using equation (21), we get

(22)

{ f=0It)+8S(t—7)I(t—T1)e "
v=(p+7y+e)(t)

where f denotes the rate of introduction of new infectious agents and v denotes transmission after new infection and individual

transfer out of the compartment. So, the Jacobian matrix F of f and V of v with respect to is obtained as follows:
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- [@} . [ 9 (5(91’ +33ff—"‘”ﬂ = [0+ BSe+7] (23)

oI ar oI
v 0 (Ap+~+e)l(t

where S(t—1 ) = S(t) = S and I(t—1 ) = I(t) = I. We obtain, at the disease-free equilibrium point, The Jacobian matrice of F, V, V-! and

the product of F and V™" at disease-free equilibrium point are:

1
(p+~v+2)

(6 + p+w)mBe kT
(v + p) (6 + p) + wp

Fprep = [84—,35&_“1‘] = |:l9 + ] . VprE = ['IL+"}'+E']_.V_1 =

1 {8—0— (8 + p+w)wBe™ M7 } 1
(a + p)(d + p) + wp (L+~y+e)
F-1— [ b i, (6 4 p + w)mfBe kT
(m+r+e)  ((@+p)(d+p)+wp)(p+v+e)

Let?s now calculate the characteristic equation of FV~! which is given by p(A) = [FV~! — A|, where 1 is the identity matrix.

f (6 + p+w)mBeHT
p(}.):|( s —— A
pw+v+e) ((a+p)d+p)+wp)p+y+e)
7} ] w)mwPBe= kT
= + 8 el —A (25)
(u+~v+e) ((a+p)d+p)+wp)p+v+e)
The solution of characteristic equation (25) is obtained as follows:
f (6 + p+ w)mBeHT
p) = | + e Tl
(p+v+e) (la+p)d+p)+wp)(p+v+e)
] (6 + p+w)mBe kT

(p+~+2) e ((a+ p)(d+p) +wp)(pp+~v+2)

According to the principle of the next-generation matrix method the largest eigenvalue of the Jacobian matrix (the largest solution of

a characteristic equation) is the basic reproductive number of the model. Therefore

D _ o 4 (0 + p+ w)wfBe KT
"ty +e) | ((a+ )+ p) Fwp)(p+ +e)

3.5.2 The basic reproductive number for the stochastic model (R® )
To derive the basic reproductive for the stochastic model, we used the method that was used in the study by [12] in their paper. So

let’s take the infected class from the system of equation (1).

dl = (01 + BSI — (u+ v+ e)I) dt + o41dBy(t) (26)

Using the twice differentiable function of Ito’s formula and taking the expansio in the Taylor series, we can drive the basic reproductive

number for the stochastic model as follows:
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t.10) = P as 1+ % ary + L2 caree + 28 aar + L2 a2 (an)
a ) ot ol U 2 012 ( c)fé')f 2 Ot2 )
From Ito’s formula for twice differentiable function on [0, T], we have f(I) = In(I),
0 dlnI(t 1 @ -1
st Ty, T P L B and
" gl ol 18 dF? (I(t)2
of _ & _&f_
ot otol o2
Then when it expands in Taylor series
af of 19%f D?f S LT S
df(t,1(t)) = = —=dt + ﬁdm) - EW({H(I‘))Q dz‘dI dtdl + EF( dt)?
= 0dt + TdI( i 21,2 (dI(t))? +0dz‘dI+ 0(dt)?
1 &
= FaI(t) - ﬁ(cuf(f.)) (28)

Let X =0I+BSI - (u+y+¢)landY = 04l. Then

df(1,1(8) = (0 + BS() — (u+7 +¢))dt + adBa(t) -

O (X2d2%t + 2XYdtdBy(t)) + (YdBy(t))2.

(20)
According to the rules of Brownian motion mentioned in [18], the differentials of the higher order of dt and dB4(t)

zero, which means dt.dt = 0 = dt.dB,(t) and d°B4(t) =

= dt approach to
= dB,(t)dB,(t) = dt (due to variance of a Wiener process).

df (t,1(t)) = (0 + BS — (u+ 7+ ¢))dt + 04dBa(t) — mu{?o L 2XY0 4+ (Y2dt).
2
— 9 +BS— 4 _

5 (e + v+ 2)]dt + 04dBy(t)] (30)

From (30) we have f = 0 4+ 35S — o =

and v (# 4+ v + €). Since at disease
: e . Br(d+pu+w o2
free equilibrium point, F' = # ( £ )

4 r
- ——,V=(u+v+e¢)and
(a4+p)@+p)+wn 27 (& 9 %2

V1= _— —  then the product of F and V! gives
pt+y+e
0 Br(6+p +w, 2
Fv-1= e i i) e (31)
pt+y+e  (a+w)@+p)twp)pt+y+e) 2p+v+e)
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Next, we have to compute the characteristic equation of (31) given by

p(N) = [FV=1 = A

. ) (6 + 1 +w) o2
= pA) = + - — -
ptyt+e ((a+p)@+p)twp)ptr+e) 2m+v+e)
0 Bm(d T W .
= + ‘-T( T gl - 1 _x (32
ptyte (a+p)d+p)+wp)(p+y+e) 2(p+7+e)
Now, let’s find the eigenvalues of the characteristic equation of (32) as follows
0 Br(6 + p+ w o3
ptyte  (a+p)@+p) +wp)(pt+yt+e) 2pu+tv+te)
0 Br(d+ p+ w) o2

A

= : + = -
pryte ((a+p)@+p)twp)ptyte) 20p+y+e)

Since the solution of the characteristic equation (i.e. largest eigenvalue) is the basic reproductive number for the developed model,

then

RS 6 Br(d+ 1+ w) o3
0

— —|— 4
pty+e ((a+p)d+p)+wp)p+y+e) 2(p+7+e)

Considering only the deterministic part we obtain the basic reproductive number and it is the same as

0 Br(d+ p+ w)

Ry = i :
pty+e ((e+p)@+p)+wp)p+v+e)

Similarly, we obtain the basic reproductive number for the stochastic delay model given by

lim sup%hlf(t) Llpdypel(Bs =T <O HF RS <1

t—o0

From the developed model, when we compare the basic reproductive number for deterministic, delay, stochastic, and stochastic
delay, we obtain the following relationship: RO < R” , due to taking into account the incubation period in our model. Including a
time delay in our model allows us to minimize the value of the basic reproductive number, which implies that infected individuals
remain in the exposed class for certain days and give us as use control mechanisms.R” < R® due to incorporating the environmental

factor on a delay model.

2
g

20p+y+e)

RSP = R -
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This indicates that the base reproductive number of the stochastic delay model is the difference between the base reproductive

number of the delay model and the given values. This means always R <R” .
3.6 Local Stability of The Disease Free Equilibrium

Theorem 3.4. For any initial values of SO, V0, P0, 10 and RO tends to zero almost surely exponentially stable that obey

1
lim Sup - InI(t)<(up+v+e)(Ry —1)<0ifR; <1

t—oo

Proof. To prove Theorem (3.4) let’s take f(t, I(t)) = In I(t) and use Ito’s formula.

2

Af (¢, 1(1) = dn (1) = 0+ BS(t = T)e ™ — ZL

By integrating both sides of the equation (33) with respect to time t when its value runs from 0 to t, we get,

(+v+¢e))dt +04dBy(t) (33)

t t 2 t
/ dInI(t) = f ((-)JrﬁSe_M—%—(,u.+"r+€))dt+f g4dBy(t)
0 0 0

2 1
InI(t) = InI(0) + (6 + BSe=H™ — 6;4 ~ i oyt s / 04dBy(t)(34)
0

Where a martingale G(t) = f‘o 0,dB,(t) Then at disease free equilibrium point of equation (34) becomes

Pre (6 +p+w) iy

= I i e 1

—(p+y+e)t+G(t)

(35)
Then divide both sides of equation (35) by t and assume t = oo.
InI(t In7(0) Bre 27 (6 + p+w) o3 G(t)
) = ( + (8 + NTENT —o ity e 36)
t t (a+p)(d+p)+wn) 2 t

Applying limt—->eo sup on both sides of equation (36) gives

In{(t) In 7(0) BreHT (6 + p + w) o3 .G
tlﬂl@ﬂ)mp( t )< fhj]wmp( P DO i bl B et 0ol

(37)
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For a large numbers of martingale, we have lim; . sup (LJ) = 0 almost
surely.

: In I(t : Inf(0 Bre M7 (6 w 3

lim sup nf(t) < lim sup n [(0) e A ( T ). Bl ~{g+vy+e) <
t—no t t—s o0 5 (or + p) (0 + p) + wop) 2

. . o Bre P (0 +p+w .
. (!f—‘—"}'—‘_&hj 7 + ‘j -(" { ILI ) . _.. J‘i - — l
ut+v+e (aet+p)d+p)twu)iptyt+e) 2u+v+e)

= (u+v+e)(RE —1)

Since (1 +y + €) > 0, then (38) is less than one if R® < 1.

Therefore, the disease-free equilibrium point of the model is locally asymptotically stable, if R® < 1.
3.7 Global Stability of the Endemic Equilibrium Point

Theorem 3.5. The endemic equilibrium point of the model is globally asymptotically stable if R°) > 1 .

Proof. To prove this theorem, let’s construct the Lyapunov function as follow:

v, v, P I"R)=(S-8*"-S*"hS)+(V-V*"-V*InV)+(P—-P*— P"In P)
+(I-I*-I"Inl)+(R— R*— R*InR) (38)

By differentiating both sides of equation (38) with respect to t, we get the following
L 1 S\ dS 1 V*\ dV 4 (1 PP (1 I\ dI £ R*\ dR
i = B v ) @t P ) d T)a R )d

= (1 - SS ) (m+ pR+wV — BSIe ™ — (a+pn)S) + (l - IL—,) (aS— (6 +w+p)V)

1 (1 — J;E) (6V — uP) + (1 - IT) (BSIe™ " — (u+v+¢€ —O)I)

(1= ) o= om

=7+ S"Bl+a+p)+V G+w+p)+Pu+I"(n+~y+e)+ R (u+p)

8" V*asS 28y
— {H.S + 5 (m4+pR+wV)+pV + {; +uP + 2 +(p+e—-06)1
+I"(0+ BS)+ R+ f: } (39)
Let A=nm+S*(fI4+a+p)+V* (d+w+p)+ P pu+0I+I" (p+v+2)+ R*(p+p) and
S* V*aS P*3V R*~I

B=puS+

+ pP +

5(7r—|—,0R—|—wV)+,uV+ -~ P +(p+e)l +17(0+BS)+puR+ 7
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Then, by substituting A and B in equation (39) we get

dV
— =A-B 40
B (40)

Here,dV/dt<0,ifA <Band dV/dt=0ifand onlyif S=§*,V =V*,P=P*, I =I',R = R", in the invariant region. Therefore, by Lasalle?s

invariant principle, the endemic equilibrium point of the model is globally asymptotically stable in Q if A < B.
3.8 Sensitivity Analysis

Sensitivity analysis of basic parameters is done to identify which parameters have impact on the expansion or role in controlling the

dynamics of rubella disease. To perform a sensitivity analysis of the model, we used the forward sensitivity index formula given by

3905 . Xi

2

, where xi is the parameter in the basic reproductive number.

For xi = B, then

ORs 3 Bre H*T (6 + pu+ w)

Pr RS: = — 5 =
P T88 TRE T (@ )0+ p) T wp)(20—03) + 2Bme (0 + f+ w)

6‘R§ «

For v; = a,then PC,RE - * RS
« =

=— afm(d + p+ w)(8 + p)e
(@ m @+ Fep((at u)@ ) +op) (20— of) + 26me (3 + )

; ORS
For x; = w,then P, R§ = B * R_.g
= Bre M7(6 + p+ w)

((a+p)(0+p) +wu)(20 — 03) + 2Bme 7 (6 + p + w)

OR; w

For y; = w then PwRDS = ¥ 78
0

Braw(d + p)e 7
(o + W@+ 1) +omla WG+ 1) + w8 — ) + Bre (G 1 g+ )
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ORS 6

For x; = J, then PsR§ = % * Bs
0

_ Bre P dw(a + p)(p —1)
(a4 1) (6 + p) +wp)[((@+ p) (6 4 p) + wp)(20 — 03) + 28w 17 (6 + p + w)]

OR; 0
For x; = 0, then PpRS = 5_90 i 7
= 0((a+p)(6+p) +wp)
((a+ p) (0 + p) + wp) (20 — 02) + 2Bme=+7 (6 + p + w)

OB 9

For v; = 04, then PJ4RDS = 28 * 7S
0

_ oal(a+p)(d +p) +wp)
(( + p1)(6 + p) +wp) (20 — 02) + 2Bme=17(6 + p + w)

Sensitivity analysis results show that an increase in the value of a basic parameter with positive sensitivity indices such as B, 8, and
w leads to an increase in the value of the basic reproductive number. This leads to an increase in secondary infections caused by
single individual infected with rubella. On the other hand, based on the constructed model increasing the value of a parameter
with sensitivity indices such as a, y, §, 04 and 1 with negative values plays a role in controlling (reducing) rubella disease in the
community. Using the values given in Table (2), we obtain the following values given in Table (2), which represent the sensitivity

indices for the basic parameters.

Table 1:Parameters and their sensitivity indices for stochastic delay model

Parameter Description Sensitivity indices

0 vertical transmission rate 1.4223

B Contact rate 0.0891

w Rate of waning out of the first vaccination dose 0.00046518

o rate of the second vaccination dose -0.0453

Y Recovery rate -0.3061

a First vaccination dose -0.0011

o, Intensity rate —-2.5285

Numerical Simulations

In this section, we attempt to perform and analyze a stochastic delay mathematical model of rubella dynamics using numerical
simulations. For this purpose, we used the parameter values obtained from the literature that shown in Table (2). The numerical
analysis of the model is graphically illustrated in Figure (2) using the parameter values under the consideration of stochastic factors
and time delay. The figure shows the time series solution for model system equation (1). As shown in the figure, the behaviour of the
system equation in the model changes over time as the parameter values changes. The figure reveals that the infection and recovery
classes are close to zero because of the incorporation of time delay in the system of equation leads to the exposed person to stay
in that class for some time which helps to give opportunities for health and all stakeholders to protect against the spread of rubella
disease using a preventative mechanism. However, the susceptible, vaccinated, and permanent immunized populations will increase

over time in both delay and stochastic delays patterns due to time delay. This suggests that including a time delay in the model slows
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the progression of the number of infected people for several days. The figure indicates that the model variables S(t), V (t), P(t), I(t),
and R(t) initially fluctuate and eventually approach equilibrium with increasing time delay t. In delay part it oscillates from the origin
to the maximum time delay used in the description which ranges from t = 0 to t = 23. Then, after the maximum time delay, the
curves of the simultaneous equations become smooth. This suggests that, considering the time delay in our model, the number of
people infected with rubella a second time from an infected person will decrease. This suggests that, as we consider the time delay
in our model, the number of people infected with rubella is reduced. Furthermore, as when we include time delay and stochastic
perturbations, the curves of the system of equation move up and down. Based on the idea mentioned in the study of [24] and the
developed model, we have tried to graphically represent it in Figure (2), which shows that the number of infectious can be high or

low due to environmental disturbance (stochastic disturbance), as shown in the figure.

Table 2: Parameter, description, value, and source

Parameter Description Value Source
| The recruitment rate 0.025 | Prawoto et al, (2020)
B Contact rate 04 Alqurash (2020)
€ Death rate due to rubella disease 0.08 Assumed
) Rate of second vaccination dose 0.85 [1]
v Natural death rate 0.015 Koca (2018)
Y Recovery rate 0.15 (2]
0 Rate of infected infants 0.55 Assumed
a Rate of first vaccinated dose 0.3 Baleanu et al (2020)
® waning rate of first vaccination dose| 0.6 [2]
p Rate of temporary immunity 0.01 Assumed

4.1 Effect of Contact Rates on Rubella-Infected Individuals

Figure 3 shows the impact of contact rate on the expansion of disease. As shown in the figure, the graph of the delay part oscillates
from the initial to the maximum time delay, and after the maximum time delay, the curves of the system of equations are smooth and
close to zero. It shows the numerical results obtained by examining the effect of the contact rate on an infected individual by varying
its value while keeping other parameters constant. The results show that when we increase the contact rate significantly, it increases

the numrh~- ~€ i frmend

|
—
— (1)
o 08 4 P(1)
2 1)
- =~ R(1)
2 06
=3 ]
e
T
=]
s
:9':'. q
e i
[
ik : e — . -10
0 20 40 60 80 100 0 20 a0 60 80 100
Time (1) Time (1)

Figure 2: Graph of the delay model (left) and stochastic-delay model (right).

people. This means that when vulnerable people come into contact with rubellacontaminated material or rubella-infected people, the

number of rubella-infected people in the community increases
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Figure 3: Effects of contact rates on rubella infected.

4.2 Effect of Vertical Transmission Rate on Rubella-Infected Population

Figure 4 shows the results of numerical simulations examining the effect of the vertical transmission rate (8) on the number of rubella-
infected population. The result is obtained by changing the value of 6 from 0.45 to 0.55 while keeping the other parameters constant.
As shown in the figure, as the proportion of passively infected neonates’ increases due to vertical maternal-to-fetal transmission, the

number of infected cases spikes.

o
o0

et

Proportion of Infected Population

ok it TS

=5
0 20 40 60 80 100 o 20 40 60 80 100
Time (t) Time (1)

Figure 4: Effects of vertical transmission rates on rubella infected.

4.3 Effect of Recovery and Vaccination Rates on Rubella-Infected People

As shown in Figure (5), as the value of the recovery rate increases, the number of infected people decreases, while the values of the
other parameters are assumed to be constant. This suggests that raising this rate will play an important role in eradicating rubella
in the community. Moreover, as it is shown in Figure (6), increasing the dose rate of the first and second vaccinations reduces the

number of local infections.
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Figure 5: Effect of recovery rate on rubella infected.

Discussion and Conclusion

This study was conducted to investigate the dynamics of rubella disease using a stochastic-delay mathematical modeling approach.
Based on the biological behavior of rubella disease dynamics, a SVPIRS stochastic delay mathematical model was developed under

the consideration the role of incubation period, stochastic factor, vertical transmission and two dose of MMR vaccine. A basic

1 : . 30

----- a=0.25, §=0.45 = a=0.25, §=045

——a=0.50, §=0.65 25 [~—a=0.50, §=0.65|3 |
0.8 |—a=0.55, §=0.85] —a=0.55, §=0.85|%

0.6

04}

Proportion of Infected Population

0 20 40 60 80 100 0 20 40 60 80 100
Time (1) Time (1)

Figure 6:Effects of vaccination rate on rubella infected.

qualitative analysis of the model was performed. The local stability of the diseasefree equilibrium point of the model is determined
using the Jacobi method. To determine the presence of rubella disease in the community, basic reproductive number was calculated
using a next-generation matrix. To perform numerical simulations, the values of some fundamental parameters are taken from
published studies, while others are assumed. Finally, we discuss the results of numerical simulations using MATLAB 2019
computer software to demonstrate the effect of the parameters, and present the results graphically. Results show reducing

rates of passively infected newborns, contact rates and increase in recovery rates, incubation periods, and first and second dose
vaccination rates play a role in control. From the qualitative analysis of the model, we find that the basic reproductive number

of the stochastic model appears to be smaller than that of the delay model of due to environmental variation-induced dynamics

of rubella disease. This means that consideration of environmental factors plays a role in minimizing the average number of
secondary infections. Because stochastic-delay model includes dynamic behavior, stochastic factors, and time delay, the basic
reproductive number obtained from stochastic-delay model is smaller than those for delay and stochastic models. This shows that

the mathematical model of stochastic delay is closer to reality than deterministic and delays.
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