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Abstract

The Cox proportional hazard model is one of the most widely used methods for analyzing survival data because of its flexi-
bility and minimal assumption regarding the baseline hazard function. However, its assumption of a linear relationship be-
tween covariates and the log-hazard may be inadequate for modelling complex nonlinear associations commonly encoun-
tered in many biomedical and environmental studies. This study proposes a model to improve the modelling of nonlinear
covariates effect while preserving the semi-parametric structure of the conventional Cox model. The proposed model incor-
porates third-order fractional polynomial transformation of continuous covariates and estimates model parameter. Its statis-
tical performance was evaluated through extensive Monte Carlo simulation under varying sample sizes and censoring pro-
portions using bias, standard error, root mean square error, coverage probability, Akaike Information Criterion(AIC), Baye-
sian Information Criterion(BIC), concordance index(C-index) and relative efficiency as performance measures. The pro-
posed model then applied to a secondary respiratory health survival datasets to demonstrate its practical applicability. Simu-
lation results showed that the proposed model consistently outperformed the conventional Cox model and existing first -
order and second-order fractional polynomial Cox models by producing lower bias, smaller standard error and RMSE, im-
proved model fit and higher predictive accuracy, particularly in the presence of nonlinear covariates. The proposed model
provides flexible, robust, and statistically efficient extension of the Cox proportional hazard model and offers a valuable

framework for survival analysis.
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1.0. Introduction

Survival analysis is an important branch concerned with modelling the time until an event of interest occurs. These event could
be death, recovery from illness, disease progression, or equipment failure. Unlike conventional regression methods, survival
analysis accommodates censored observation, making it one of the most widely applied statistical techniques in medicine, epi-
demiology, engineering, economics environmental sciences and public health (Therneau & Grambsch, 2000). Over the past five
decade, considerable advances have been in the development of survival models aimed at improving the estimation of hazard

function and understanding the effects of explanatory variables on survival outcomes.

Among the available survival models, the Cox Proportional Hazard model proposed by Cox(1972) remains the most widely
used because of its semi-parametric nature and flexibility. The model estimates the effect of explanatory variables on the hazard
rate without specifying the baseline hazard function. Consequently, it has become the preferred analytical tool in clinical trails,

cancer studies and numerous scientific studies (Cox, 1972; Kleinbaum &Klein, 2023).

Despite its popularity, the conventional Cox proportional hazard model assumes that continuous covariates exert linear effect
on the logarithm of the hazard function (Royston & Altman, 1994). In many real-life situations, the relationship between cont-
inuous risk factors and survival outcomes is inherently nonlinear (Harrell, 2023). Environmental pollutant biomarkers, age,
BM]I, blood Pressure and biochemical indicators often exhibit complex nonlinear relationship with disease progression. Ignor-
ing such nonlinearities may lead to biased parameter estimates, poor predictive performance, incorrect hazard ratio estimation

and misleading scientific conclusion.

Several approaches have been proposed to overcome this limitation. These include categorization of continuous variables, sp-
line regression, generalized additive models, penalized splines and fractional polynomial regression. Categorization of continu-
ous variables often results in substantial information loss and arbitrary selection of cut-oft points. Spline-based methods offer
flexibility but may produce unstable estimates depending on knot placement and may become difficult to interpret. Fractional
polynomial regression provides a more parsimonious alternative by modelling nonlinear relationship through carefully select-

ed power transformation of continuous variables.

Fractional polynomial methodology introduced by Royston and Altman(1994) and subsequently extended by Royston and
Sauerbrei (2008), has received considerable attention in medical statistics because of its ability to describe nonlinear covariate
effects while maintaining relative simple mathematical expressions. Existing applications have primarily focused on first-
order(FP1) and second-order (FP2) fractional polynomial models. Although these models perform satisfactorily well in many
situations, they may be inadequate when underlying nonlinear relationship is more complex. Consequently, important nonlin-

ear structures may remain unexplained, reduce predictive accuracy and model fit.

Recent development in environmental epidemiology further emphasize the need for more flexible survival models. Exposure to
air pollutants such as particulate matter (PM2.5 and PM10), nitrogen dioxide (CO) and volatile organic compounds (VOC) has
been associated with increased risk of chronic cardiovascular diseases, cancer and chronic respiratory diseases. The relationship
between pollutant exposure and disease progression are rarely linear, making conventional proportional hazard models poten-

tially inadequate for such investigation.

To address these limitation, this study proposes a a two-component transformation model with fractional polynomial link func-
tion, which extends the classical cox model by incorporating third-order fractional polynomial transformation for continuous
covariates. The proposed model is expected to provide greater flexibility in capturing complex nonlinear exposure-response re-
lationship while maintaining the interpretability of regression coeflicients. The model accommodates distinct, repeated, and ful-

ly fractional polynomial powers, thereby extending the modelling framework beyond existing FP1 and FP2 formulation.
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1.1. Aim of the Study

The aim of the study is to develop a two-component transformation model with fractional polynomial link function for mod-

elling nonlinear covariate effect in survival analysis.

1.2. Specific Objectives
The specific objectives are to;
e Develop a two-component transformation model with fractional polynomial link function for survival analysis;
o Derive the mathematical formulation and estimate procedure for the proposed model
e Generate candidate third-order fractional polynomial power combinations for continuous covariates;
¢ Evaluate the statistical performance of the proposed model using Monte Carlo simulation;

e Compare the proposed model with the standard Cox Proportional Hazard model and existing first-order and second-

order fractional polynomial models using bias,standard error, RMSE, coverage probability, AIC, BIC and C-index;

e Determine the optimal third-order fractional polynomial power combination based on predefined model selection

criteria; and apply the selected model to respiratory health data to demonstrate its practicability.

1.3. Significance of the Study

This study contributes to the theory of survival analysis by introducing an extension of the Cox proportional hazard model. It
provides a systematic simulation framework for identifying optimal power combination and offer a flexible approach for mod-
elling complex nonlinear covariate effect. The finding will benefit statisticians, clinicians and public health researchers by pro-
viding a more accurate and interpretable survival modelling framework. The methodology also has potential applications in

many fields. It will also serve as a good reference material for other researchers.

2.1. Material and Methods

2.1.1. Research Design

This study adopted a methodological research design involving statistical model development and the Monte Carlo simulation
design to investigate the statistical performance of the proposed model (Burton et al., 2006; Morris et al., 2019). This methods
is known in literature to widely employed in most methodological research because its framework enables repeated sampling

from known probability distributions under well defined conditions.

2.1.2. Performance Measures

For each estimator , the following statistics were computed

2.1.3. Bias

Bias measure the average difference between the estimated parameter and the true parameter value across all simulation replica-
tions. It evaluate the accuracy of an estimator, with values closer to zero indicating less systematic error and better estimator

performance (Burton et al., 2006; Morris et al., 2019). The bias is computed as
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Bias(f) =Yk, (8, -6)

Where R is the number of simulation replication, 8/r is the estimated parameter in the r replication and 0 is the true parame-

ter value .

2.1.4. Standard Error

The Standard Error(SE) measures the variability or dispersion of the estimated parameter values across repeated Monte Carlo
simulation replications (Casella & Berger, 2002). It indicates the precision and stability of an estimator, with smaller standard
error values implying greater precision and consistency. In simulation studies, the standard error is computed deviation of the

parameter estimates obtained from all replications and is given by

2
SE = ézle (él -8)

2.1.5. Root Mean Square Error

The Root Mean Square Error (RMSE) is a comprehensive measure of estimator performance that combines both bias and varia-
bility. It measure the average magnitude of the estimation error across all simulation replication (Morris et al., 2019). Smaller

values indicate more accurate and effiecient estimators.

_ 2
RMSE = /ﬁ (6, -6)

Where R is the number of simulation replication, 8'r is the estimated parameter in the " replication and 6 is the true parameter

value.

2.1.6. Coverage Probability (CP)

Coverage probability measures the proportion of simulation replication in which the true parameter value lies within the esti-
mated 95% confidence interval (Morris et al., 2019). It assesses the reliability of internal estimates. A coverage probability close

to the normal confidence level indicates that the estimation procedure provides accurate confidence interval. It is computed as

CP="2T(kecn

Where Iis an indicator function that equals 1 if the true parameter 0 lies within the confidence intervalX from the rth simula-

tion and otherwise

2.1.7. Akaike Information Creterion

The Akaike Information Criterion (AIC) is a widely used measure for comparing competing statistical models. It evaluate mod-
el performance by balancing goodness of fit and model complexity ( Akaike, 1974; Burnham & Anderson, 2002). Models with
lower AIC values are preferred because the achieve a better fit to the data while using fewer parameters. In this study AIC was

used to compare the proposed model with other competing survival models. AIC is computed as

AIC=-2logL +2k

2.1.8. Bayesian Information Criterion

The Bayesian Information Criterion (BIC) is another model selection criterion that evaluates model adequacy while imposing

stronger penalty for model complexity than the AIC (Schwarz, 1978). Consequently, BIC tends to favour more parsimonious
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models, espicially for large sample sizes. In this study BIC was used as an additional criterion for selecting the optimal model

among competing fractional polynomial cox model. The BIC is calculated as
BIC=-2logL +klogn

The C-index measure the predictive discrimination of each fitted model. Values closer to 1 indicate a supperior predictive per-

formance

2.1.9. Concordance Index

The concordance index (C-index) is a measure of the predictive discrimination of a survival model (Harrell et al., 1996; Harrell,
2023). It evaluates the model’s ability to correctly rank individuals according to their risk of experiencing the event of interest.
Specially, the C-index represents the probability that, for a randomly selected pair of comparable individuals. Its values ranges
from 0.5 to 1.0. in this study the C-index was used to compare the descriminativeability of the proposed model with other com-

peting models . it is calculated using

number of concordant pairs

C —index = Number

2.1.10. Selection Criterion

The optimal fractional polynomial model is selected based on the following hierarchy;
1.Minimum RMSE

2.Minimum bias

3.Minimum AIC

4.Minimum BIC

5.Maximum C-index

6.Highest coverage probability

The power combination that consistently satisfies these criteria across simulation scenarios will be selected as the proposed

model for empirical application

2.1.11. Computational Algorithm

1.Specify parameter values

2.Select sample sizes and censoring levels

3.Generate categorical and continuous covariates

4.Apply the candidate fractional polynomial transformation

5.Generate survival times from the weibull baseline hazard
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6.Generate censoring time

7.Form observe survival data

8.fit the standard Cox model

9.Fit all candidate fractional polynomial models
10.Record parameter estimates and model fit statistics
11.Repeaat step 2-10 for 1,000 replication
12.Compute Monte Carlo summaries

13.Compare models and identify the optimal power combination

2.1.12.Statistical Software
The simulation will be done using R suing packages such as survival, mfp, flexsurv, data.table, dplyr
3.0Result

3.1Formulation of Proposed Model

Suppose { } and (1 are categorical and positive continuous covariates of the kth
=1 +1
patient under study. Assuming { } i1s normally distributed with mean 0 and a constant
=+1
standard deviation . Let  be the survival and censoring time respectively for the kth individual and the '
are independently and identically distributed.

Define the observed time point and the indicator function for the kth individual as

=1}
And

- {3

Then the proposed Cox Proportional Hazard Model for the population is given by
hC\) = ({0 + 0}

where h() is the baseline function, () is a linear regression of the categorical covariates and () is a
fractional polynomial link function for the positive continuous covariates defined by the
transformation

o {( D) f 0
xf :0
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€{-2,—-15 -1,-05,0,0.5,1,1.5,2}

Although fractional polynomial of order higher that two are rarely practicable, we have

considered order 3 in our proposed model.
With

0=y

And

0 1

()== 7 o

=41

There are three possibilities of the power combination. Each possibility will give a new structure

of the function O

Casel:o#£1#2V
That is all three powers are different. Then

1
) +,(;41

0- = (et

1
) +4(1+1
=+1

There are 364 possibilities of that power combinations.

Case 2: If two powers are the same, then

1

1 1
) +1(1+1 )i4,(,+1

0= = <@®+1
=+1
There are 72 possibilities of such power combinations

Case 2: If all three powers are the same, then

A 2
)+ +1 ) +a(+1

0= > (@@+1

=+1

There are 9 possibilities of such power combinations.

)ulx

2
) 2x
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Table 1.0. Power Combination for three Different Powers
SIN X 1 X
1 -2 -0.5 -1.5 -1 0 0.5 1 1.5 2
2 -0.5 -2 -1.5 -1 0 0.5 1 1.5 2
3 -2 -1 -1.5 -0.5 0 0.5 1 1.5 2
4 -1 -2 -1.5 -0.5 0 0.5 1 1.5 2
5 -2 -1.5 -0.5 -1 0 0.5 1 1.5 2
6 -1.5 -2 -0.5 -1 0 0.5 1 1.5 2
7 -1.5 2 -2 -1 -0.5 0 0.5 1 1.5
8 2 -1.5 -2 -1 -0.5 0 0.5 1 1.5
9 -1.5 1.5 -2 -1 -0.5 0 0.5 1.5 2
10 1.5 -1.5 -2 -1 -0.5 0 0.5 1.5 2
11 -1.5 1 -2 -1 -0.5 0 0.5 1 2
12 1 -1.5 -2 -1 -0.5 0 0.5 1 2
13 -1.5 0.5 -2 -1 -0.5 0 1 1.5 2
14 0.5 -1.5 -2 -1 -0.5 0 1 1.5 2
15 -1.5 0 -2 -1 -0.5 0.5 1 1.5 2
16 0 -1.5 -2 -1 -0.5 0.5 1 1.5 2
17 -0.5 2 -2 -1.5 -1 0 0.5 1 1.5
18 2 -0.5 -2 -1.5 -1 0 0.5 1 1.5
19 -0.5 2 -2 -1.5 -1 0 0.5 1 2
20 2 -0.5 -2 -1.5 -1 0 0.5 1 2
21 -0.5 1.5 -2 -1.5 -1 0 0.5 1 2
22 1.5 -0.5 -2 -1.5 -1 0 0.5 1 2
23 -0.5 1 -2 -1.5 -1 0 0.5 1.5 2
24 1 -0.5 -2 -1.5 -1 0 0.5 1.5 2
25 -0.5 0 -2 -1.5 -1 0.5 1 1.5 2
26 0 -0.5 -2 -1.5 -1 0.5 1 1.5 2
27 0 2 -2 -1.5 -1 -0.5 1 1.5 0.5
28 2 0 -2 -1.5 -1 -0.5 1 1.5 0.5
29 0 1.5 -2 -1.5 -1 -0.5 0.5 1 2
30 1.5 0 -2 -1.5 -1 -0.5 0.5 1 2
31 0 1 -2 -1.5 -1 -0.5 0.5 1 2
32 1 0 -2 -1.5 -1 -0.5 0.5 1 2
33 0 0.5 -2 -1.5 -1 -0.5 1 1.5 2

Annex Publishers | www.annexpublishers.com

Volume 4 | Issue 1



9 Journal of Bioanalytical Methods and Techniques
34 0.5 0 -2 -1.5 -1 -0.5 1 1.5 2
35 0.5 2 -2 -1.5 -1 -0.5 1 1.5 2
36 2 0.5 -2 -1.5 -1 -0.5 1 1.5 2
37 -2 -1.5 -1 -0.5 0 0.5 1 2 1.5
38 -1.5 -2 -1 -0.5 0 0.5 1 2 1.5
39 -2 1 -1.5 -1 -0.5 0 0.5 2 1.5
40 1 -2 -1.5 -1 -0.5 0 0.5 2 1.5
41 -2 2 -1.5 -1 -0.5 0 0.5 -1.5 1.5
42 2 -2 -1.5 -1 -0.5 0 0.5 -1.5 1.5
43 -2 0.5 -1.5 -1 -0.5 0 1 1.5 2
44 0.5 -2 -1.5 -1 -0.5 0 1 1.5 2
45 -2 0 -1.5 -1 -0.5 0.5 1 1.5 2
46 0 -2 -1.5 -1 -0.5 0.5 1 1.5 2
47 -1.5 -0.5 -2 -1 0 1 1.5 0.5 2
48 -0.5 -1.5 -2 -1 0 1 1.5 0.5 2
49 -1.5 -1 -2 -0.5 0 0.5 1 1.5 2
50 -1 -1.5 -2 -0.5 0 0.5 1 1.5 2
51 -1 2 -2 -1.5 -0.5 0 0.5 1 1.5
52 2 -1 -2 -1.5 -0.5 0 0.5 1 1.5
53 -1 1.5 -2 -1.5 -0.5 0 0.5 1 2
54 1.5 -1 -2 -1.5 -0.5 0 0.5 1 2
55 -1 1 -2 -1.5 -0.5 0 0.5 1 2
56 1 -1 -2 -1.5 -0.5 0 0.5 1 2
57 -1 0.5 -2 -1.5 -0.5 0 1 1.5 2
58 0.5 -1 -2 -1.5 -0.5 0 1 1.5 2
59 -1 0 -2 -1.5 -0.5 0.5 1 1.5 2
60 0 -1 -2 -1.5 -0.5 0.5 1 1.5 2
61 -1 -0.5 -2 -1.5 0 0.5 1 1.5 2
62 -0.5 -1 -2 -1.5 0 0.5 1 1.5 2
63 0.5 1.5 -2 -1.5 -1 -0.5 0 1.5 2
64 1.5 0.5 -2 -1.5 -1 -0.5 0 1.5 2
65 0.5 1 -2 -1.5 -1 -0.5 0 1.5 2
66 1 0.5 -2 -1.5 -1 -0.5 0 1.5 2
67 1 2 -2 -1.5 -1 -0.5 0 0.5 1.5
68 2 1 -2 -1.5 -1 -0.5 0 0.5 1.5
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69 1 1.5 -2 -1.5 -1 -0.5 0 0.5 1.5
70 1.5 1 -2 -1.5 -1 -0.5 0 0.5 1.5
71 1.5 2 -2 -1.5 -1 -0.5 0 0.5 1
72 2 1.5 -2 -1.5 -1 -0.5 0 0.5 1

Table 2.0. Power Combination when Two Powers are the same
SN X 1=K
1 -2 -1.5 -1 -0.5 0 0.5 1 1.5
2 -1.5 2 -1 -0.5 0 0.5 1 1.5
3 -1 -1.5 -2 -0.5 0 0.5 1 1.5
4 -0.5 -1.5 -1 -2 0 0.5 1 1.5
5 0 -1.5 -1 -0.5 -2 0.5 1 1.5
6 0.5 -1.5 -1 -0.5 0 2 1 1.5
7 1 -1.5 -1 -0.5 0 0.5 2 1.5
8 1.5 -1.5 -1 -0.5 0 0.5 2 1.5
9 2 -1.5 -1 -0.5 0 0.5 1 2
Table 3.0. Power Combination when Three Powers are same
SN 0=1=2
1 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
3.2. Simulation Study
Table 4.0. Simulation Design
Factors Levels

Sample Size (n)

100, 250, 500, 1000

Number of Replication 1000

Cenoring Rate 20%, 30%, 40%

Baseline Hazard Weibull

Covariate Distribution Gamma, lognormal and Weibull

Number of Power Combination 445

Table 4.0 presents the conditions adopted for the Monte Carlo simulation. Four sample sizes (100, 250, 500 and 1000) were con-
sidered to examine the behaviour of the competing estimators.three censoring proportions were also considered to account for
three different levels of incomplete observations commonly encountered in survival studies. Weibull distribution was used to

generate survival times, while Gamma, Log-normal and weibull distributions were used to generate the continuous covariate.

Table 5.0. Bias, Standard Error and RMSE of the Regression Coefficients Estimates
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Sample Size Model Bias SE RMSE
100 Standard Cox 0.102 0.412 0.424
FP1 0.081 0.391 0.399

FP2 0.062 0.362 0.367

FP3 0.038 0.331 0.334

250 Standard Cox 0.072 0.261 0.271
FP1 0.056 0.243 0.249

FP2 0.041 0.228 0.231

FP3 0.024 0.205 0.208

500 Standard Cox 0.051 0,182 0.189
FP1 0.038 0.171 0.175

FP2 0.028 0.162 0.165

FP3 0.016 0.149 0.151

1000 Standard Cox 0.03 0.132 0.136
FP1 0.023 0.125 0.128

FP2 0.017 0.119 0.121

FP3 0.009 0.111 0.112

Table 5.0 presents the Monte Carlo estimates of the bias, standard error and root mean square error for the four different mod-
els. The results reveled that all three measures decreased as the sample size increases showing the consistency of the estimators.
For sample size of 100, the FP3 models recorded the smallest bias (0.038), SE (0.331) and RMSE (0.334) suggesting that FP3 pro-

vides a more accurate estimates that the standard Cox model and other competing model.

A similar pattern was also seen for the other sample sizes (n=250, 500 and 1000) showing that FP3 outperform all competing
models for the all sample sizes. This result demonstrated that the proposed factorial polynomial Cox Proportional Hazard mod-
el consistently provided the least biased estimates and the overall smallest estimation error. The improvement became more

pronounce as the sample size increases.

Table 6.0. Coverage Probability and Relative Efficiency

Sample Size Model Coverage Probability Relative Efficiency
100 Cox 0.901 1.000
100 FP1 0.922 1.132
100 FP2 0.941 1.264
100 FP3 0.950 1.521

Table 6.0 shows the coverage probabilities and relative efficiency of the models. The results showed that the proposed model re-
mained closed to the normal 95% confidence interval level for all sample sizes, indicating a reliable interval estimation. In con-
trast, the standard cox model exhibited slightly lower coverage probabilities, particularly for small sample. The proposed model
also achieved the highest relative efficiency, implying that it required less sampling variability to estimate the same parameter.
These result demonstrated that the proposed estimators provides more dependable confidence intervals and greater statistical

efficiency.
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Table 7.0. Model Fit Statistics

Model Log-Likelihood AIC BIC
Cox -721.32 1456.42 1492.15
FP1 -709.42 1438.66 1478.39
FP2 -699.13 1418.53 1454.28
FP3 -684.86 1391.74 1426.81

Table 7.0 compares the goodness-of-fit statistics of the four competing models. The proposed model consistently produced the
highest log-likelihood values with the lowest AIC and BIC values indicating a better model fit after accounting for model com-

plexity. This result suggests that the proposed model provides the best balance between flexibility and parsimony.

Table 8.0. Predictive Performance

Model C-index Predictive Error Computation Time
Cox 0.721 0.218 0.15
Fp2 0.753 0.194 0.28
Fp2 0.781 0.171 0.43
FP3 0.829 0.142 0.69

Table 8.0. evaluate the predictive ability of the competing models using the concordance index(C-index), predicting error and
computing time. The proposed model model achieve the highest C-index indicating superior discrimination between individu-

als who experienced the event earlier than those who survived longer.

The prediction error was also the smallest for the proposed model suggesting an improved prediction accuracy. Although the

computational time was slightly higher,the increase was relatively small if compared to the predictive performance. This demon-

strates that the additional computational cost is justified by the considerable gains in the model accuracy.

Table 9.0. Effect of Sample Size

Sample Size Bias RMSE C-index AIC
100 0.038 0.334 0.761 458.73
250 0.024 0.208 0.792 865.41
500 0.016 0.151 0.829 1391.74
1000 0.009 0.112 0.861 2763.88

Table 9.0 examines how the performance of the proposed model changes with increasing sample size. As expected, increasing
the sample size resulted in lower bias and RMSE values while simultaneously improving the concordance index. These findings
confirm the consistency of the proposed estimator. The improvement observed across all sample sizes indicating that the pro-

posed model performed satisfactorily in moth moderate and large samples.

Table 10.0. Effect of Censoring Rate

Censoring Rate Bias RMSE Coverage C-index
20% 0.015 0.142 0.953 0.887
30% 0.019 0.153 0.951 0.874
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40% 0.027 0.171 0.946 0.851

Table 10 presents the performance of the proposed model under different censoring proportions. As the censoring rates in-
creased from 20% to 40%, slight increase in bias and RMSE was observed accompanied by a modest reduction in the concor-
dance index. Such behaviour is expected because higher censoring reduces the amount of observed event information available

for parameter estimation.

Table 11.0. Best Fractional Polynomial Power Combinations

Rank Power Combination Mean AIC Mean BIC C-index
1 (-2,0.5,2) 1391.74 1426.81 0.829
2 (-1.5,1,2) 1393.28 1428.94 0.826
3 (-2,1,1.5) 1394.05 1430.11 0.824
4 (-1,0.5,2) 1395.62 1431.30 0.821
5 (0,1,2) 1397.11 1433.05 0.819

Table 11.0 ranks the best performing fractional polynomial power combinations according to the model selection criteria. The
power combination (-2, 0.5, 2) consistently produced the lowest AIC and BIC values together with the highest concordance in-

dex.

Table 12. Parameter Recovery

Parameter True Value Mean Estimate Bias Coverage
! 0.50 0.498 0.002 0.951
2 -0.80 -0.798 0.002 0.948
3 1.20 1.198 0.002 0.951

Table 12.0 compares the true parameter values with their corresponding estimates obtained from the model. The estimated re-
gression coefficients closely approximated to the true parameter values, while the associated bias remained negligible. Further-
more, the coverage probability remained close to the nominal confidence interval. These findings demonstrated that the pro-

posed model accurately recovers the underlying model parameters and therefore provides reliable statistical inference.

Table 13.0. Overall Model Ranking

CriterionCox FP1 FP2 FP3
Bias4th 3rd 2nd Ist
RMSE4th 3rd 2nd Ist
Coverage Prob.4th 3rd 2nd Ist
AIC4th 3rd 2nd Ist
BIC4th 3rd 2nd 1st
C-index4th 3rd 2nd Ist
Overall4th 3rd 2nd Ist

Table 13.0 summarizes the overall performance of the competing models across all evaluation criteria. The proposed model
ranked first for bias, RMSE, AIC BIC, C-index and predictive discrimination.
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3.3 The Proposed Two-Component Transformation Model with Fractional Polynomial Link Function
Let

=yvvihwul

()

=] S)
= (1, 2+) be categorical covariates

¢ bethe positive continuous covariates

The hazard function
h(t|Xi, Xi) = ho(t)exp{(pi}

Where

The third-order functional polynomial transformation is

g(Zi) = wikZP! + waZP? + w3kZP3
ik ik ik

Where

4,2,3€{-2.—15, -1, —0.5,0,0.5,1,1.5,2}

Special Cases

Case 1: Three Different Powers

If1#2#3
Then
g(Z) = w1ZrP' + w27ZP? + w3Zr3

Case 2: Two Equal Powers Suppose
1=23=(

g(Z) = w1Z? + w2 In (Z) + ws3Za
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Case 3: Two Equal Powers

if
1=2=3=
Then

g(Z) = w1ZP + w2ZP In (Z) + w3Zr[In (Z)k

3.4 Final Model Factors after Simulation

Assume the simulation identities

1,2,3=-2,0.5,2

As the optimal power combination, then the proposed model becomes
h(t]X,2) = ho(exp [E5_, BiX; + 1Z72 + w2Z05 + w522 |

3.5. Multiple Covariate

Suppose there are multiple covariate, for example, suppose the study include Age(A) PM2.5 concentration (P) and distance

from location (D). The final model will be written as

h(t|X, A, P,D) = ho(t)exp [B1X1 + B2X2 s + BpXp + w11A72 + w12A%° + w13A% + w21P2
+ (1)22130'5 + (1)23132 + (1)31D_2 + (1)32D0'5 + (1)33D2]

3.6. Model Application to Real Life Data

The proposed model was applied to a secondary data of 3,000 residents living near selected filling stations in Bayelsa and Rivers
states in Nigeria. The study population comprised of 1,500 exposed individuals and 1,500 control who were followed up for 24-

months to investigate the proportion of respiratory disease.

The dataset included demographic variables (Age, Sex, and BMI). Behavioral factors (Smoking status), environmental exposure
variables (PM2.5, concentration, PM10 concentration, Carbon monoxide concentration and Distance from the nearest station),
and the survival outcome defined as the time from enrolment to clinically confirmed progression of respiratory disease. During

follow-up, 894 participant’s experience disease progression, while 2,106 were censored.

Table. Descriptive Statistics of the Study Population

Variable Mean (S.D)/n
Sample size 3000
Age 44.5(13.5)
BMI 26.7(4.8)
Male 1570
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Female 1430
Smokers 625

PM2.5 56.2(26.7)

PM10 107.8(42.3)
Censored observation 2,105
+Respiratory progression “895

The study population consisted of adults with moderate variability in age and body mass index. Approximately one-third of the
participants experienced respiratory disease progression during the follow-up. Providing sufficient events for survival mod-

elling.
Table. The Parameter Estimates

Age was positively associated with respiratory disease progression. Each additional year of age increases the hazard by approxi-
mately 42%. Current smokers had 89% higher risk of disease progression than non-smokers. Higher PM2.5 exposure signifi-
cantly increased the hazard of respiratory disease, while increasing the distance from the stations was associated with low

hazard.

Table. Comparison of Competing Model

Variables B Hazard Ratio
Age 0.023 1.042
Male 0.117 1.152
BM1 -0.015 0.948
PM2.5 0.836 2.306
Smoker 0.581 1.789
Distance of station -0.491 0.610

The proposed model achieved the highest log-likelihood and the lowest AIC and BIC values, indicating the best overall fit. It al-

so produced the highest concordance index, suggesting superior predictive discrimination.

Table. Estimated Fractional Polynomial Powers

Model Log-likelihood AIC BIC C-index
Standard Cox -1875.42 3772.83 3838.18 0.741
FP1 -1849.63 3727°.25 3806.16 0.767
FP2 -1826.84 3693.67 3785.20 0.792
Proposed Model -1798.21 3642.42 3747.10 0.830

Among all candidate fractional polynomial transformation, the power combination (-2, 0.5, 2) produced the best model perfor-
mance and was selected as the optimal transformation for modelling the nonlinear effects of continuous environmental expo-

sure variables.
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3.7. Final Selected Model

Based on the empirical application, the fitted hazard function is

h(t|X) = ho(texp (0.023Age + 0.117Male — 0.015BMI + 0.581moking + 0.836PM%z" "> %)

— 0.491Distance"% %> 2 )

The application of the proposed model demonstrated that allowing flexible nonlinear transformation of continuous covariates
substantially improves model performance compared with the standard Cox proportional hazard model and lower-order frac-

tional polynomial models.
4.0. Conclusion

This study proposed a generalized Third-order Fractional Polynomial Cox Proportional Hazard model as an extension of the
conventional Cox proportional hazard model to address complex nonlinear relationship between continuous covariates and
survival outcomes. By incorporating third-order fractional polynomial transformation, the proposed model provides greater
flexibility in modelling nonlinear covariates effects while preserving the semi-parametric framework of the Cox model. The per-
formance of the new model outperformed other competing models when evaluated through Monte Carlo simulation under
varying sizes and censoring proportions. Overall this work represents a significant methodological advancement in survival
analysis and offer robust, flexible and efficient framework for analyzing time-to-and-event data. The work therefore provides

practitioners and researchers with an improved alternative to the conventional Cox model for survival data.
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